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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 178 ]. This is test number [ 202 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2

3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org
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If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100.00 (178 ) | % 0.00 (0)

Mathematica | % 97.19 (173 ) % 2.81(5)
Maple % 56.18 (100 ) | %43.82(78)
Maxima %47.19 (84) | %52.81(94)
Fricas % 6348 (113 ) | % 36.52 (65)
Sympy % 1798 (32) | % 82.02 (146)
Giac %?25.84 (46) | % 74.16 (132)
Mupad %2753 (49) | %7247 (129)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.
B Integral was solved and antiderivative is optimal in quality but leaf

size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.
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System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 70.79 1.12 25.28 2.81
Maple 42.70 3.93 9.55 43.82
Maxima 45.51 1.69 0.00 52.81
Fricas 43.82 19.66 0.00 36.52
Sympy 17.98 0.00 0.00 82.02
Giac 25.84 0.00 0.00 74.16
Mupad 25.84 1.69 0.00 72.47

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

WA
B
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d

Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad

The figure below compares the CAS systems for each grade level.

=
=}
4
100
I E >
® €
g o BF
= (0] o
80| s o) S
LS —
(o]
L £
© x
©
60. o @ § e ||z
g2 2 8 o [
[ B 3 =8
40 ] ) 5 &
O o = —
i Ko 22 ] ©
o 82 g $ =
B =W [}
20 2 g © =y
L 2 £>9 s
2 88 o EBR
L 5=8 |loxXeS 3 SOoRED
583 o883 § 12sEES
- x2_| 027 X | [LOShS
0 A | Bﬁ = C T =

The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure
F.
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The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 5 100.00 % 0.00 % 0.00 %
Maple 78 96.15 % 0.00 % 3.85 %
Maxima 94 94.68 % 4.26 % 1.06 %
Fricas 65 84.62 % 15.38 % 0.00 %
Sympy 146 65.75 % 34.25 % 0.00 %
Giac 132 98.48 % 0.00 % 1.52 %
Mupad 129 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance
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The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.52 217.70 0.74 132.50 1.00
Mathematica | 4.29 294.37 0.92 123.00 0.90
Maple 0.45 401.64 1.26 83.00 0.90
Maxima 0.16 65.42 0.56 0.00 0.00
Fricas 1.08 301.39 1.77 123.00 0.97
Sympy 0.06 1.13 0.04 0.00 0.00
Giac 0.00 0.00 0.00 0.00 0.00
Mupad 0.14 1.61 0.03 -1.00 -0.04

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.

0.0

Normalized mean size of antiderivative
Lower is better

0.5
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Mean time used (seconds)
Lower is better

1.4 list of integrals that has no closed form an-
tiderivative

(535755590} 2 13,5 5 6)62 6768 7373 21 122123, 12825130} 137) 132} 133
[134}[135}[141}[142}[143} [144}[150} 151} 152} [153} [159, [160} [161} [162}[168) 169,170,171}, 172,173, [177,
178)

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {§)99[103)T08IT1)

Mathematica {8)[16)[18)[1924)25 26,27, 28, |48, 51} 57, 75 8687 96} 97 98, 99} [L00} 101} [102)
[103}[104}[107} 108} [T0% [ 10} 111} [115} 116} 117} 118} [128}}

Maple Verification phase not implemented yet.
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Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
tile.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
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'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_1lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
o
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, wvectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
x, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree_size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x"')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script

POST PROCESSOR PROGRAM
:!\V i
Test files from Maple script @ Program that

Albert Rich Rubi generates the

web site Python script to run sympy Latex report

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables

——
SageMath/Python
scrfpttotgst SageMath —» Fricas
Maxima, Fricas,
Giac .
— Maxima ol

\

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.
integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.
integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. 0 if failed.
string. The integral in Latex format . .
strin: The inpugt used in CAS own syntax. ngh level overview of the CAS
string. The result (antiderivative) produced by CAS in Latex format independe nt integration test
string. The optimal antiderivative in Latex format. .

build system

ONOUAWN R

©

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

The following field present only in Rubi and Mathematica Tables
13. integer. 1 if result was verified or 0 if not verified.

The following fields present only in Rubi Tables Nasser M. Abbasi
14. integer. Number of rules used. Vv 2o
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi
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Chapter 2

detailed summary tables of results

2.1 Listofintegralssorted by grade for each CAS

2.1.1 Rubi

A grade: {IIZLIELIEHZLIELIIIlllllll@lllllll
[28, 29 B0} BT} 5353, B4 35 B0} 57} 58, (39} 0} AT} 42 3 4 5 46, 47 45, 91 601 ) 52} 53 54
@@@@l@@@@@@@l@m@@m@@mmmml@@@
[84 1858687188} 89} 00, 01} 02 b3, 04 95, B, 7 98 99} [100} 01T} 102} [[03 104} 105} 06} (107} [08}
[[09) 10} L T1) [TT2} (LT3, [[T4) I T5, (16} [ 17 18} 19, 120} [ 21} 22} 123} 124} [ 25} 126} [ 27} 128} [29)
[[30) 31} (132, (133} 134 35 136, (137} 138, [139) (140, T4 [T 42, 43 [T44} 145 146} 147 (I8} 49 150,
(151} 152} 153, 153} (155, 156} 157, 158} 159 60 16T} 162} 163, 164 (165 166, 167} 168 169} T70} 17T

172173 [174[175}176,[177,[178] }
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {IIZLIEl@@lﬂlﬂllllllllll@llll@ll
80, 31]82}[33) 34} 3536} 37} 38, [39) 40} AT} (A2} 43, A4} (45 46, 47} 49} 50, 54} 55 (61} (62} [67)
@@@@l@@@l@@lllll@@@@mmmm
(123, [124)[125, [T29}[30) [131} 132, 133} 134 35 (138, 139} 140, (14 [142} 43 (144} 145 [1 47} 148} [149)
[[50, 151} 52, 153} 154, 56} 157, 158} 159 60 16T} 162} 63, 68} 169} 70} 17T} 172} 173} 74 175,

[176/[177[178)}

B grade: { 25,[27]}

e (B350 50 335 9771 g o0 1 0
miﬂmmmmmm [1T) T12)[T13}[T15}[T1e} 117} [T18} [126} 127} [128} [136) 46}[155,
)

F grade: { [106}[114}[165|[166,[167 }

E
o

2.1.3 Maple

A grade: {)2,5))557) )12 131453525, 59,0} 5 S )75 5 6T
67,176} 77,78, 79,180, 81} 82} 183} [84} [851[88) 89} 00} 01} [92} [93) 04} ©5) [121] [122} [123)] [124} [T25] [130} [13T]
[132}[133] [134} [135] [141] 142} [143] [144} [150} 151} [152}[153}

17317178
B grade: { 010950 105 T12 (13
C grade: { 51)52 535657} 5 5960} 364 65,669 70, 71, 7275
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P grode {Illlll@lllll 27282950, 31}{32) 56, 7}38, 1) 8}
(68,7374, 86}[87, 0%, 57} 98, 99 00} 10T} [L02, (103} [04) 106, [07 08} 109, 10} [ 1 1|1 14} TS| T 16}
[T17, T8} 9 [T20} 126, [127} 128, 129 136, 137 [138, 139} 140, 45 (146} 47} 148} 49 154 155 156,

[157,[158}[163}[164} 165} [166}[167[174[175}[176| }

2,14 Maxima

A grade: I@@@E@Z@lll@@@@ll@@
(61116267168, 73, 7476, 77,73, 79, B0 BT} (82, 8334} 35,188} 89,90, 0 02} '3, 0% 05} [121) 122 123
[[24) (125, 130} [31) (132} 133 134, 35, T41) (142} 143} 134} [150, 15T} [152, [[53} 159 160, 61} [62} 168
[169}[170, 171} [172[173} 177,178} }

B grade: {[10}[12}[14]}

C grade: { }

F grade: {Illlllllllllllll@@lll@@l
52153, 56, 57} B8 59} 60} 631 64} 65,66, 169 70} 71 [72} [75}56), 187,96, 7 98, 59} 100} [0 102
mmmmmmmmmmmmmmmmmmmmm
[[36, (137} (138} [39) 140 (145 146, 147 (148} 149} 154} 155 156, 157} 158} 163, [164} 165 166, 167} 173

175,176

2.1.5 FriCAS

A grade: {l@llllllll@ll@lllllll@lll
[76,[77,80}81}82}[83, 8485} 88} 92, 93} 94) 05 [118, [T19} 120} 121} 122 [123
mmmmmmmmmmmmmmmmmmmmm

[169}[170}[171}[172}[173} 174 [175} 177}[178] }
B grade: {[1) B 5} 6} 719} [15 [17 20,21} 22, 29,30, 31 {44} 45, 46, {47 {49} 0} [78} [79} 8%} 00} 1} [105}

[T12}[T13)} [140}148] [149] [156, [[5 7/ [L58, [176] }
C grade: { }

F grade: { [B[16}[18)[19/[24)[25[26}]27} [28}[36}[37} 38} [41} 48} 51} |52} 53} |56} 57} 58} |59} |60
[65/166}[691[70} 71} [72} 75, 86}, |87, D6} 97, 98} (99} (100} [L0T) [102} 103} 104} [106, 07} 108} [109} 110
[114}[115} 116} [T17,[T26,[127}[136} 137} 145} 146} [T54 [155) 163} [164} 165} 166} 167 }

O
E

E

E

2.1.6 Sympy
A grade ’% 61) 6216768, 121 [122}[123} 124 [125} [130} 131} 133 134

153 168}(171}172}(177,(178| }

B grade. {}
C grade: { }

F grade: (7)), )Y )10 112, T34 T5) 617 18, 19)20) 21 22,23, 2 2526y 27128,
29180}81) 32} 36} [37) 38} (41} 44} [45) 46} 47} 48] 49} 50} 51} 52 53} 54} 55, 56, 571 58} 59 [601 (63 [64) [65)
66}[69)[70}[71}[72)[73} 74,7576} 77,78} 79180} 81} 82} 83} 84} 85 86} 87 88 89 00} O 1} 02 03 04} O5)
96,197,198} 09} [100} [101} [102}[103}[104} [105} 106} [107} 108} [109}, 110} 111} [112} 113} [114} 115} [116,[117]
18} [119}[T20} [126][127] 128} [129][132} 136} 137} [138] 139} [140} [145| [146] [147] [148} 149} [150} 151} [152]
[154}[155,[156} 157} [158}[159}[160} [161} [162} 163} [164}[165} [166}[167} 169} [170}[173}[174} 75} [176]}

2.1.7 Giac

A grade. {B3/BE509/0/IT35155/61627/65 73721 T 123172510,
[131][132)[133] [134} [135} [141}[142} [143} 144} [150} 15T} [152} 153} 159} [160} 161} 162} 168} 169,170} 171}

172173, 177,[178] }
B grade: { }
C grade: { }

E
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F grade: {lIIEL@I@El@llllllllll@lll@l@@
[28) 2910, 1) B2} 36, 377 38| A1) 44 45} 46, 7} 45, 9} 50} 5T) 53 53, 56, 57 58 59 60} 631 (646566,
@m@@@@@@@l@@@@@n@nlllllnllll
199} 100 [T01} [102} 103} 104 (105} 106, (107} {08} (109} L 10, [T 11} [ T2, (113} T4} 15 116, [[T7} I 18, [19,
[[20) 26} 127} 128, 729} 136} 137 [138) [:39} 40} [145 146} 147 [148} 149} 154 55 156} 157} 158} 163,

[164}[165} 166} 167} [174[175}[176] }

2.1.8 Mupad

A grade: { [33,[34,35| B9} [0} 42} 43| 54} 55} 61 (62} [67) |68} [73} 74 [121} [122} [123} [124} [125} [130}
[[31)[[32} 133 [134] 135} [141} [142}[143| [144} [150, 51} [152[153} 159} [160} [161} [162} [168} 169} [T70} 17T}

172|173, [177[178]}
B grade: {[6|[0}[10] }

C grade: { }

F grade: { [1}[2,3)4} B} 7] 8} [11}[12} 13} [14}[15}[16} 17}[18} [19 20} [21} 22| 23} 24} 25| 26} [27 [28} 29)
[0, B1}[B2} 36} 37} 38} 41} 44} 45} 46} 47} 48} 49} 50} 51} 52} |53} 56} 57} 58} 59} [60}[63} (64 (65} [66} (69} [70)
[71[72)[75,[76)[77,[78}[79, 180} |81} 82 |83} 184 |85} 186} |87} [88) |89, £0} 01| ©2} 03] 94} OB} 06} 07, 08} 09} [100)
[101}[102}[103 [104} 105} 106} [107, [108} [109} 110} 11T} 112} 113} 114} [115 116} 117} [T18}[119}[120} 126}
127128 [129] [136 137} [138] [139] [140} [145} 146} [147| 148} [149} 154} [155| [156} 157} 158} [163} [164} [165]
166} [167}[174] [175)[176] }

I
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the

time limit, then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 110 110 107 127 158 208 0 0 -1
normalized size | 1 1.00 0.97 1.15 1.44 1.89 0.00 0.00 -0.01
time (sec) N/A 0.061 0.143 0.085 0.358 0.801  0.000 0.000  0.000
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 86 86 72 83 77 97 0 0 -1
normalized size | 1 1.00 0.84 0.97 0.90 1.13 0.00 0.00 -0.01
time (sec) N/A 0.044 0.135 0.051 0.309 2.011 0.000 0.000 0.000
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 86 86 97 108 128 199 0 0 -1
normalized size | 1 1.00 1.13 1.26 1.49 2.31 0.00 0.00 -0.01
time (sec) N/A 0.048 0.048 0.049 0.369 0.733  0.000 0.000  0.000
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 62 62 62 74 57 87 0 0 -1
normalized size | 1 1.00 1.00 1.19 0.92 1.40 0.00 0.00 -0.02
time (sec) N/A 0.027 0.102 0.045 0.316 3.314 0.000 0.000 0.000
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 62 62 85 88 96 186 0 0 -1
normalized size | 1 1.00 1.37 1.42 1.55 3.00 0.00 0.00 -0.02
time (sec) N/A 0.035 0.052 0.050 0.344 1.575 0.000 0.000  0.000
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 38 38 50 65 35 70 0 0 39
normalized size | 1 1.00 1.32 1.71 0.92 1.84 0.00 0.00 1.03
time (sec) N/A 0.013 0.025 0.045 0.375 0.736  0.000 0.000 2217
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 30 30 44 36 49 143 0 0 -1
normalized size | 1 1.00 1.47 1.20 1.63 477 0.00 0.00 -0.03
time (sec) N/A 0.021 0.060 0.043 0.328 0.725  0.000 0.000  0.000
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 56 56 47 0 0 0 0 0 -1
normalized size | 1 1.00 0.84 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.090 0.045 0.068 0.000 2.073  0.000 0.000 0.000
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A F B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 30 30 40 62 32 64 36 0 35
normalized size | 1 1.00 1.33 2.07 1.07 2.13 1.20 0.00 1.17
time (sec) N/A 0.024 0.031 0.046 0.351 0.775 1.823 0.000 2.323
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 50 50 66 100 105 76 0 0 51
normalized size | 1 1.00 1.32 2.00 2.10 1.52 0.00 0.00 1.02
time (sec) N/A 0.037 0.036 0.048 0.389 0.980 0.000 0.000 2.265
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 58 58 59 75 56 77 0 0 -1
normalized size | 1 1.00 1.02 1.29 0.97 1.33 0.00 0.00 -0.02
time (sec) N/A 0.043 0.047 0.049 0.370 1.004 0.000 0.000 0.000
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 74 74 78 120 147 89 0 0 -1
normalized size | 1 1.00 1.05 1.62 1.99 1.20 0.00 0.00 -0.01
time (sec) N/A 0.048 0.043 0.046 0.329 1.025 0.000 0.000 0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 79 79 69 83 73 87 0 0 -1
normalized size | 1 1.00 0.87 1.05 0.92 1.10 0.00 0.00 -0.01
time (sec) N/A 0.051 0.063 0.046 0312 0484 0.000 0.000 0.000
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 98 98 88 139 185 99 0 0 -1
normalized size | 1 1.00 0.90 1.42 1.89 1.01 0.00 0.00 -0.01
time (sec) N/A 0.064 0.074 0.056 0307  1.122  0.000 0.000  0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 105 105 122 0 0 272 0 0 -1
normalized size | 1 1.00 1.16 0.00 0.00 2.59 0.00 0.00 -0.01
time (sec) N/A 0.119 0.211 0.052 0.000  1.337 0.000 0.000 0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 122 122 211 0 0 0 0 0 -1
normalized size | 1 1.00 1.73 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.132 1.427 0.052 0.000  1.370 0.000 0.000 0.000
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 54 54 87 0 82 234 0 0 -1
normalized size | 1 1.00 1.61 0.00 1.52 4.33 0.00 0.00  -0.02
time (sec) N/A 0.076 0.143 0.055 0360  0.783  0.000 0.000 0.000
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 68 68 121 0 0 0 0 0 -1
normalized size | 1 1.00 1.78 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.068 0.236 0.050 0.000 2257 0.000 0.000 0.000
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 81 81 115 0 0 0 0 0 -1
normalized size | 1 1.00 1.42 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.138 0.133 0.053 0.000  0.529  0.000 0.000 0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 49 49 70 0 78 139 0 0 -1
normalized size | 1 1.00 1.43 0.00 1.59 2.84 0.00 0.00 -0.02
time (sec) N/A 0.070 0.168 0.066 0334 1.075 0.000 0.000 0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 87 87 100 0 0 163 0 0 -1
normalized size | 1 1.00 1.15 0.00 0.00 1.87 0.00 0.00 -0.01
time (sec) N/A 0.082 0.143 0.056 0.000  0.668 0.000 0.000 0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 100 100 106 0 0 178 0 0 -1
normalized size | 1 1.00 1.06 0.00 0.00 1.78 0.00 0.00 -0.01
time (sec) N/A 0.108 0.194 0.047 0.000  0.819 0.000 0.000 0.000
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 132 132 147 0 0 202 0 0 -1
normalized size | 1 1.00 1.11 0.00 0.00 1.53 0.00 0.00 -0.01
time (sec) N/A 0.117 0.181 0.051 0.000  0.829 0.000 0.000  0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 195 195 271 0 0 0 0 0 -1
normalized size | 1 1.00 1.39 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.232 1.019 0.050 0.000 0.627  0.000 0.000 0.000
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 194 194 548 0 0 0 0 0 -1
normalized size | 1 1.00 2.82 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.208 7.520 0.049 0.000 1.124  0.000 0.000  0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 117 117 171 0 0 0 0 0 -1
normalized size | 1 1.00 1.46 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.160 0.471 0.049 0.000 1.391  0.000 0.000  0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 120 120 246 0 0 0 0 0 -1
normalized size | 1 1.00 2.05 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.117 0.341 0.049 0.000 2955 0.000 0.000 0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 110 110 198 0 0 0 0 0 -1
normalized size | 1 1.00 1.80 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.154 0.227 0.055 0.000 0.410 0.000 0.000  0.000
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 78 78 132 0 144 222 0 0 -1
normalized size | 1 1.00 1.69 0.00 1.85 2.85 0.00 0.00 -0.01
time (sec) N/A 0.099 0.249 0.052 0.353 0.826  0.000 0.000  0.000
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 123 123 182 0 0 267 0 0 -1
normalized size | 1 1.00 1.48 0.00 0.00 217 0.00 0.00 -0.01
time (sec) N/A 0.106 0.326 0.052 0.000  0.404 0.000 0.000 0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 166 166 200 0 0 301 0 0 -1
normalized size | 1 1.00 1.20 0.00 0.00 1.81 0.00 0.00 -0.01
time (sec) N/A 0.171 0.314 0.053 0.000  0.768  0.000 0.000 0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 204 204 277 0 0 346 0 0 -1
normalized size | 1 1.00 1.36 0.00 0.00 1.70 0.00 0.00 -0.00
time (sec) N/A 0.181 0.368 0.053 0.000 0982 0.000 0.000 0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.07
time (sec) N/A 0.015 2.931 0.053 0.000  0.878 0.000 0.000 0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 13 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.08
time (sec) N/A 0.006 2.821 0.054 0.000 0975 0.000 0.000 0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 17 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.06
time (sec) N/A 0.026 0.307 0.062 0.000 0901 0.000 0.000 0.000
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 46 46 44 0 0 0 0 0 -1
normalized size | 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.104 0.076 0.049 0.000  1.590 0.000 0.000 0.000
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 63 63 56 0 0 0 0 0 -1
normalized size | 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00  -0.02
time (sec) N/A 0.141 0.076 0.048 0.000  2.149 0.000 0.000  0.000
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 117 117 91 0 0 0 0 0 -1
normalized size | 1 1.00 0.78 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.240 0.165 0.052 0.000  2.138 0.000 0.000 0.000
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 19 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.024 6.870 0.049 0.000  2.686 0.000 0.000 0.000
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 19 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.025 4.489 0.050 0.000  0.782  0.000 0.000 0.000
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 67 67 81 0 0 0 0 0 -1
normalized size | 1 1.00 1.21 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.045 0.243 0.049 0.000  0.830 0.000 0.000 0.000
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 19 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.028 0.931 0.048 0.000 2983 0.000 0.000 0.000
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 19 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.05
time (sec) N/A 0.027 1.899 0.049 0.000  1.359  0.000 0.000 0.000
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 167 167 165 269 261 419 0 0 -1
normalized size | 1 1.00 0.99 1.61 1.56 2.51 0.00 0.00 -0.01
time (sec) N/A 0.384 0.294 0.059 0322  1.161 0.000 0.000 0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 122 122 122 204 192 328 0 0 -1
normalized size | 1 1.00 1.00 1.67 1.57 2.69 0.00 0.00 -0.01
time (sec) N/A 0.259 0.191 0.053 0.340 0996 0.000 0.000 0.000
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 81 81 99 115 87 207 0 0 -1
normalized size | 1 1.00 1.22 1.42 1.07 2.56 0.00 0.00 -0.01
time (sec) N/A 0.161 0.203 0.051 0.390  1.696 0.000 0.000 0.000
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 30 30 44 36 49 143 0 0 -1
normalized size | 1 1.00 1.47 1.20 1.63 4.77 0.00 0.00  -0.03
time (sec) N/A 0.022 0.050 0.046 0.307  0.783  0.000 0.000 0.000
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 215 215 506 0 0 0 0 0 -1
normalized size | 1 1.00 2.35 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.390 0.664 0.492 0.000  0.682  0.000 0.000 0.000
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 98 98 134 208 0 354 0 0 -1
normalized size | 1 1.00 1.37 2.12 0.00 3.61 0.00 0.00 -0.01
time (sec) N/A 0.154 0.219 0.087 0.000  0.610 0.000 0.000  0.000
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 163 163 204 963 0 745 0 0 -1
normalized size | 1 1.00 1.25 591 0.00 4.57 0.00 0.00 -0.01
time (sec) N/A 0.292 0.478 0.070 0.000  1.337 0.000 0.000 0.000
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F(-1) F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 918 918 1094 2515 0 0 0 0 -1
normalized size | 1 1.00 1.19 2.74 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 3.253 14.395 0.357 0.000  0.000 0.000 0.000 0.000
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F(-1) F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 679 679 418 1964 0 0 0 0 -1
normalized size | 1 1.00 0.62 2.89 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.519 1.678 0.085 0.000  0.000 0.000 0.000 0.000
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F(-1) F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 429 429 926 840 0 0 0 0 -1
normalized size | 1 1.00 2.16 1.96 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.708 14.077 0.079 0.000  0.000 0.000 0.000 0.000
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.076 19.511 6.871 0.000 0573 0.000 0.000 0.000
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.079 7.967 5.921 0.000 0924 0.000 0.000 0.000
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F(-1) F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 486 486 380 1939 0 0 0 0 -1
normalized size | 1 1.00 0.78 3.99 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.023 1.607 0.068 0.000  11.811 0.000 0.000  0.000
Problem 57] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 939 939 1098 2543 0 0 0 0 -1
normalized size | 1 1.00 1.17 271 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.871 14.302 0.078 0.000  15.322 0.000 0.000  0.000
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 707 707 1012 1991 0 0 0 0 -1
normalized size | 1 1.00 1.43 2.82 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.142 14.426 0.073 0.000  0.000 0.000 0.000 0.000
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 474 474 343 868 0 0 0 0 -1
normalized size | 1 1.00 0.72 1.83 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.751 1.335 0.071 0.000  0.000 0.000 0.000 0.000
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Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 284 284 307 395 0 0 0 0 -1
normalized size | 1 1.00 1.08 1.39 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.414 5.224 0.066 0.000  0.000 0.000 0.000 0.000
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.077 6.551 1.532 0.000  1.122  0.000 0.000  0.000
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.082 9.214 5.263 0.000  0.833 0.000 0.000 0.000
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 731 731 1042 2019 0 0 0 0 -1
normalized size | 1 1.00 1.43 2.76 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.636 14.699 0.075 0.000 16.601 0.000 0.000  0.000
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 499 499 979 896 0 0 0 0 -1
normalized size | 1 1.00 1.96 1.80 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.010 14.494 0.073 0.000  0.000 0.000 0.000 0.000
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 318 318 264 418 0 0 0 0 -1
normalized size | 1 1.00 0.83 1.31 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.691 1.585 0.071 0.000  0.000 0.000 0.000 0.000
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Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 149 149 166 328 0 0 0 0 -1
normalized size | 1 1.00 1.11 2.20 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.284 0.682 0.072 0.000  9.003 0.000 0.000 0.000
Problem 67] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.090 12.169 6.987 0.000  0.809 0.000 0.000 0.000
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-2) A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.099 15.678 180.000  0.000  1.347  0.000 0.000  0.000
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 777 777 1108 2726 0 0 0 0 -1
normalized size | 1 1.00 1.43 3.51 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 3.186 14.487 0.089 0.000 16.418 0.000 0.000  0.000
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 569 569 1076 2497 0 0 0 0 -1
normalized size | 1 1.00 1.89 4.39 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.497 14.383 0.084 0.000  0.000 0.000 0.000 0.000
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 393 393 390 2107 0 0 0 0 -1
normalized size | 1 1.00 0.99 5.36 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.191 2.514 0.075 0.000  8.178 0.000 0.000  0.000
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Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 369 369 892 2079 0 0 0 0 -1
normalized size | 1 1.00 242 5.63 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.567 14.102 0.073 0.000  0.000 0.000 0.000 0.000
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-2) A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.094 28.845 180.000  0.000  3.642  0.000 0.000  0.000
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-2) A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 24 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.106 28.471 180.000  0.000  2.038  0.000 0.000 0.000
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 648 785 1217 3782 0 0 0 0 -1
normalized size | 1 1.21 1.88 5.84 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.035 14.494 0.107 0.000  9.390 0.000 0.000 0.000
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 214 214 138 211 289 295 0 0 -1
normalized size | 1 1.00 0.64 0.99 1.35 1.38 0.00 0.00 -0.00
time (sec) N/A 0.132 0.235 0.051 0.372 1951 0.000 0.000 0.000
Problem 77] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 167 167 119 171 227 273 0 0 -1
normalized size | 1 1.00 0.71 1.02 1.36 1.63 0.00 0.00 -0.01
time (sec) N/A 0.109 0.170 0.051 0.380  3.015 0.000 0.000  0.000
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 115 115 135 126 148 245 0 0 -1
normalized size | 1 1.00 1.17 1.10 1.29 2.13 0.00 0.00 -0.01
time (sec) N/A 0.056 0.261 0.056 0.348 1.012  0.000 0.000  0.000
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 91 91 89 107 84 222 0 0 -1
normalized size | 1 1.00 0.98 1.18 0.92 2.44 0.00 0.00 -0.01
time (sec) N/A 0.068 0.132 0.066 0.369 0.799  0.000 0.000 0.000
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 109 109 68 122 91 105 0 0 -1
normalized size | 1 1.00 0.62 1.12 0.83 0.96 0.00 0.00 -0.01
time (sec) N/A 0.079 0.084 0.069 0.350 0946  0.000 0.000 0.000
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 158 158 93 140 132 127 0 0 -1
normalized size | 1 1.00 0.59 0.89 0.84 0.80 0.00 0.00 -0.01
time (sec) N/A 0.103 0.124 0.065 0.315 0.950 0.000 0.000 0.000
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 205 205 109 158 165 146 0 0 -1
normalized size | 1 1.00 0.53 0.77 0.80 0.71 0.00 0.00 -0.00
time (sec) N/A 0.122 0.146 0.058 0.326 1.045 0.000 0.000 0.000
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 204 204 114 152 176 165 0 0 -1
normalized size | 1 1.00 0.56 0.75 0.86 0.81 0.00 0.00 -0.00
time (sec) N/A 0.161 0.249 0.055 0.336 0.822  0.000 0.000  0.000
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Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 159 159 97 134 137 144 0 0 -1
normalized size | 1 1.00 0.61 0.84 0.86 0.91 0.00 0.00 -0.01
time (sec) N/A 0.134 0.211 0.050 0.315 0.888  0.000 0.000  0.000
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 146 146 77 115 95 123 0 0 -1
normalized size | 1 1.00 0.53 0.79 0.65 0.84 0.00 0.00 -0.01
time (sec) N/A 0.106 0.101 0.049 0.343 1126 0.000 0.000  0.000
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 115 115 93 0 0 0 0 0 -1
normalized size | 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.291 0.141 0.106 0.000 0.952  0.000 0.000 0.000
Problem 87] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 128 128 138 0 0 0 0 0 -1
normalized size | 1 1.00 1.08 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.300 0.567 0.107 0.000 2.671  0.000 0.000 0.000
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 260 260 182 286 396 388 0 0 -1
normalized size | 1 1.00 0.70 1.10 1.52 1.49 0.00 0.00 -0.00
time (sec) N/A 0.258 0.357 0.060 0.334 1.327  0.000 0.000 0.000
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 197 197 149 217 287 353 0 0 -1
normalized size | 1 1.00 0.76 1.10 1.46 1.79 0.00 0.00 -0.01
time (sec) N/A 0.128 0.228 0.049 0.356 1.152  0.000 0.000  0.000
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Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 170 170 134 189 191 347 0 0 -1
normalized size | 1 1.00 0.79 1.11 1.12 2.04 0.00 0.00 -0.01
time (sec) N/A 0.139 0.218 0.064 0.408 1.216  0.000 0.000  0.000
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 164 164 123 190 152 334 0 0 -1
normalized size | 1 1.00 0.75 1.16 0.93 2.04 0.00 0.00 -0.01
time (sec) N/A 0.143 0.270 0.065 0.327 0919  0.000 0.000  0.000
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 189 189 126 191 175 165 0 0 -1
normalized size | 1 1.00 0.67 1.01 0.93 0.87 0.00 0.00 -0.01
time (sec) N/A 0.160 0.225 0.060 0.359 0.634 0.000 0.000 0.000
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 249 249 152 223 232 197 0 0 -1
normalized size | 1 1.00 0.61 0.90 0.93 0.79 0.00 0.00 -0.00
time (sec) N/A 0.197 0.262 0.062 0.450 1.008  0.000 0.000 0.000
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 250 250 159 214 244 224 0 0 -1
normalized size | 1 1.00 0.64 0.86 0.98 0.90 0.00 0.00 -0.00
time (sec) N/A 0.235 0.388 0.053 0.375 1.249  0.000 0.000  0.000
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 203 203 123 182 183 189 0 0 -1
normalized size | 1 1.00 0.61 0.90 0.90 0.93 0.00 0.00 -0.00
time (sec) N/A 0.156 0.311 0.050 0.368 1.163  0.000 0.000  0.000
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Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 178 178 148 0 0 0 0 0 -1
normalized size | 1 1.00 0.83 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.421 0.423 0.427 0.000 0.947  0.000 0.000 0.000
Problem 97} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 178 178 187 0 0 0 0 0 -1
normalized size | 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.424 0.907 0.457 0.000 0.663  0.000 0.000 0.000
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 512 512 1221 0 0 0 0 0 -1
normalized size | 1 1.00 2.38 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.198 1.666 3.395 0.000 0.614 0.000 0.000  0.000
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A NO NO TBD TBD TBD TBD  TBD TBD
size 467 449 1103 0 0 0 0 0 -1
normalized size | 1 0.96 2.36 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.106 0.351 0.462 0.000 0945 0.000 0.000 0.000
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 477 477 1055 0 0 0 0 0 -1
normalized size | 1 1.00 2.21 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.849 0.508 1.453 0.000 0.805 0.000 0.000  0.000
Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 425 425 387 0 0 0 0 0 -1
normalized size | 1 1.00 0.91 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.862 0.978 0.444 0.000 0.715 0.000 0.000  0.000
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Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 518 518 1211 0 0 0 0 0 -1
normalized size | 1 1.00 2.34 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.060 1.687 2.759 0.000  1.042 0.000 0.000 0.000
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 591 571 1447 0 0 0 0 0 -1
normalized size | 1 0.97 2.45 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.282 6.365 0.444 0.000 0565 0.000 0.000 0.000
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 553 535 1410 0 0 0 0 0 -1
normalized size | 1 0.97 2.55 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.249 2.414 0.440 0.000 1947 0.000 0.000 0.000
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 139 139 271 360 0 615 0 0 -1
normalized size | 1 1.00 1.95 2.59 0.00 4.42 0.00 0.00 -0.01
time (sec) N/A 0.150 0.792 0.074 0.000 0943 0.000 0.000 0.000
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 515 515 0 0 0 0 0 0 -1
normalized size | 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.153 44155 0.482 0.000  1.670 0.000 0.000 0.000
Problem 107} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 756 756 1583 0 0 0 0 0 -1
normalized size | 1 1.00 2.09 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.468 6.172 15131  0.000  0.854 0.000 0.000 0.000




40

Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F E(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 719 719 1442 0 0 0 0 0 -1
normalized size | 1 1.00 2.01 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.242 2.736 3.510 0.000 0572 0.000 0.000 0.000
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 713 713 1437 0 0 0 0 0 -1
normalized size | 1 1.00 2.02 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.187 3.648 4.649 0.000  0.814 0.000 0.000  0.000
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-2) F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 758 758 1487 0 0 0 0 0 -1
normalized size | 1 1.00 1.96 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.246 3.119 14.660  0.000  2.023 0.000 0.000 0.000
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A NO NO TBD TBD TBD TBD  TBD TBD
size 694 676 2023 0 0 0 0 0 -1
normalized size | 1 0.97 291 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.408 7.854 0.490 0.000 2920 0.000 0.000 0.000
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 167 167 375 1922 0 1381 0 0 -1
normalized size | 1 1.00 2.25 11.51 0.00 8.27 0.00 0.00 -0.01
time (sec) N/A 0.215 1.476 0.094 0.000  3.046 0.000 0.000 0.000
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B E(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 205 205 368 1892 0 1256 0 0 -1
normalized size | 1 1.00 1.80 9.23 0.00 6.13 0.00 0.00  -0.00
time (sec) N/A 0.205 0.957 0.079 0.000 1430 0.000 0.000 0.000
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Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 657 657 0 0 0 0 0 0 -1
normalized size | 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.322 70.345 0.444 0.000  0.841 0.000 0.000 0.000
Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 1106 1106 2045 0 0 0 0 0 -1
normalized size | 1 1.00 1.85 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.741 6.214 3.803 0.000 0956  0.000 0.000 0.000
Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 1106 1106 2053 0 0 0 0 0 -1
normalized size | 1 1.00 1.86 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 3.046 6.148 5.009 0.000  0.657 0.000 0.000 0.000
Problem 117} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 1096 1096 2038 0 0 0 0 0 -1
normalized size | 1 1.00 1.86 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 3.743 6.066 3.774 0.000  0.876 0.000 0.000 0.000
Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F A F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 413 413 345 0 0 1951 0 0 -1
normalized size | 1 1.00 0.84 0.00 0.00 4.72 0.00 0.00 -0.00
time (sec) N/A 1.412 0.705 0.434 0.000  5.103 0.000 0.000 0.000
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 302 302 337 0 0 1625 0 0 -1
normalized size | 1 1.00 1.12 0.00 0.00 5.38 0.00 0.00 -0.00
time (sec) N/A 0.434 0.752 0.440 0.000  1.798 0.000 0.000  0.000




42

Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 203 203 278 0 0 1342 0 0 -1
normalized size | 1 1.00 1.37 0.00 0.00 6.61 0.00 0.00 -0.00
time (sec) N/A 0.206 0.511 0.479 0.000  1.105 0.000 0.000 0.000
Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.100 5.625 0.449 0.000 0524 0.000 0.000 0.000
Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.106 5.399 0.450 0.000  0.644 0.000 0.000 0.000
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.101 9.309 0.426 0.000  0.656  0.000 0.000 0.000
Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.037 2.656 0.422 0.000 0426 0.000 0.000 0.000
Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.090 1.779 0.455 0.000 0531 0.000 0.000 0.000
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Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 389 389 237 0 0 0 0 0 -1
normalized size | 1 1.00 0.61 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.427 0.619 0.438 0.000 0.656  0.000 0.000 0.000
Problem 127 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 527 527 314 0 0 0 0 0 -1
normalized size | 1 1.00 0.60 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.638 0.696 0.434 0.000 0.714  0.000 0.000  0.000
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F A F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 384 384 318 0 0 1943 0 0 -1
normalized size | 1 1.00 0.83 0.00 0.00 5.06 0.00 0.00 -0.00
time (sec) N/A 0.514 0.769 0.479 0.000 3.407  0.000 0.000 0.000
Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 270 270 314 0 0 1625 0 0 -1
normalized size | 1 1.00 1.16 0.00 0.00 6.02 0.00 0.00 -0.00
time (sec) N/A 0.281 0.798 0.431 0.000 2.007  0.000 0.000 0.000
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.117 6.559 0.433 0.000 0.653  0.000 0.000  0.000
Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.123 5.860 0.420 0.000 0.727  0.000 0.000  0.000
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Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.120 9.669 0.613 0.000  0.704 0.000 0.000 0.000
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.044 3.523 0.440 0.000 0426 0.000 0.000 0.000
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.106 5.794 0.447 0.000  0.651  0.000 0.000 0.000
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.108 15.969 0.446 0.000 0594 0.000 0.000 0.000
Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 492 492 291 0 0 0 0 0 -1
normalized size | 1 1.00 0.59 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.575 0.703 0.427 0.000  0.580 0.000 0.000 0.000
Problem 137} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 643 643 372 0 0 0 0 0 -1
normalized size | 1 1.00 0.58 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.866 0.828 0.463 0.000  0.630 0.000 0.000 0.000
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Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 329 329 339 0 0 1633 0 0 -1
normalized size | 1 1.00 1.03 0.00 0.00 4.96 0.00 0.00 -0.00
time (sec) N/A 1.179 0.789 0.449 0.000 1.824  0.000 0.000  0.000
Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 229 229 280 0 0 1341 0 0 -1
normalized size | 1 1.00 1.22 0.00 0.00 5.86 0.00 0.00 -0.00
time (sec) N/A 0.318 0.565 0.441 0.000 1.023  0.000 0.000  0.000
Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 135 135 223 0 0 1064 0 0 -1
normalized size | 1 1.00 1.65 0.00 0.00 7.88 0.00 0.00 -0.01
time (sec) N/A 0.154 0.240 0.433 0.000 0.689  0.000 0.000 0.000
Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.096 1.745 0.422 0.000 0.665 0.000 0.000 0.000
Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.108 23.255 0.463 0.000 0.440 0.000 0.000  0.000
Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.092 6.333 0.437 0.000 0.497  0.000 0.000  0.000
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Problem 144 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.031 1.046 0.433 0.000 0.657  0.000 0.000 0.000
Problem 145 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 294 294 139 0 0 0 0 0 -1
normalized size | 1 1.00 0.47 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.251 0.207 0.506 0.000 0.613  0.000 0.000 0.000
Problem 146 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 425 425 239 0 0 0 0 0 -1
normalized size | 1 1.00 0.56 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.486 0.636 0.493 0.000 0.900 0.000 0.000  0.000
Problem 147} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 256 256 311 0 0 1719 0 0 -1
normalized size | 1 1.00 1.21 0.00 0.00 6.71 0.00 0.00 -0.00
time (sec) N/A 1.135 0.644 0.470 0.000 1.034 0.000 0.000 0.000
Problem 148 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 160 160 233 0 0 1274 0 0 -1
normalized size | 1 1.00 1.46 0.00 0.00 7.96 0.00 0.00 -0.01
time (sec) N/A 0.275 0.375 0.437 0.000 0.840 0.000 0.000  0.000
Problem 149 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 82 82 122 0 0 368 0 0 -1
normalized size | 1 1.00 1.49 0.00 0.00 4.49 0.00 0.00 -0.01
time (sec) N/A 0.111 0.165 0.443 0.000 0.690 0.000 0.000 0.000
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Problem 150 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.121 32.960 0.443 0.000  0.676  0.000 0.000 0.000
Problem 151 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.133 38.594 0.457 0.000 0563 0.000 0.000 0.000
Problem 152 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.111 8.805 0.439 0.000  0.614 0.000 0.000  0.000
Problem 153 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.107 5.019 0.429 0.000 0500 0.000 0.000 0.000
Problem 154 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 111 111 113 0 0 0 0 0 -1
normalized size | 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.075 0.197 0.459 0.000 0993 0.000 0.000 0.000
Problem 155 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 321 321 201 0 0 0 0 0 -1
normalized size | 1 1.00 0.63 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.320 0.457 0.448 0.000  0.612 0.000 0.000  0.000
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Problem 156 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 251 251 327 0 0 2421 0 0 -1
normalized size | 1 1.00 1.30 0.00 0.00 9.65 0.00 0.00 -0.00
time (sec) N/A 1.229 0.562 0.440 0.000  1.106  0.000 0.000 0.000
Problem 157} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 169 169 201 0 0 786 0 0 -1
normalized size | 1 1.00 1.19 0.00 0.00 4.65 0.00 0.00 -0.01
time (sec) N/A 0.268 0.298 0.452 0.000 0938 0.000 0.000 0.000
Problem 158 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 144 144 185 0 0 698 0 0 -1
normalized size | 1 1.00 1.28 0.00 0.00 4.85 0.00 0.00 -0.01
time (sec) N/A 0.144 0.234 0.430 0.000  0.658 0.000 0.000 0.000
Problem 159 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.124 45.844 0.502 0.000  0.694 0.000 0.000 0.000
Problem 160 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.152 59.836 0.509 0.000  0.761  0.000 0.000 0.000
Problem 161 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.132 13.403 0.477 0.000  0.789 0.000 0.000 0.000
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Problem 162 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.110 12.602 0.442 0.000  0.615 0.000 0.000 0.000
Problem 163 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 359 359 189 0 0 0 0 0 -1
normalized size | 1 1.00 0.53 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.308 0.296 0.428 0.000  0.507 0.000 0.000 0.000
Problem 164 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 278 278 248 0 0 0 0 0 -1
normalized size | 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.177 0.560 0.436 0.000 0522 0.000 0.000 0.000
Problem 165 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD  TBD TBD
size 596 577 0 0 0 0 0 0 -1
normalized size | 1 0.97 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.575 0.228 0.425 0.000 0.776  0.000 0.000 0.000
Problem 166 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 379 360 0 0 0 0 0 0 -1
normalized size | 1 0.95 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.491 0.156 0.409 0.000 0493 0.000 0.000 0.000
Problem 167} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 220 208 0 0 0 0 0 0 -1
normalized size | 1 0.95 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.220 0.114 0.059 0.000 0565 0.000 0.000 0.000
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Problem 168 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.079 1.867 0.445 0.000  0.634 0.000 0.000 0.000
Problem 169 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 26 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.076 6.956 0.430 0.000  0.884 0.000 0.000 0.000
Problem 170 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 28 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.116 1.145 0.450 0.000 0559 0.000 0.000 0.000
Problem 171 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 28 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.104 0.117 0.464 0.000  0.607 0.000 0.000 0.000
Problem 172 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 28 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.103 1.459 0.443 0.000  0.711  0.000 0.000  0.000
Problem 173 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A E(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 28 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.115 1.872 0.516 0.000 0549 0.000 0.000 0.000
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Problem 174 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 395 395 214 0 0 382 0 0 -1
normalized size | 1 1.00 0.54 0.00 0.00 0.97 0.00 0.00 -0.00
time (sec) N/A 2.344 0.314 0.547 0.000  0.609 0.000 0.000 0.000
Problem 175 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 264 264 180 0 0 324 0 0 -1
normalized size | 1 1.00 0.68 0.00 0.00 1.23 0.00 0.00  -0.00
time (sec) N/A 1.916 0.418 0.477 0.000 0590 0.000 0.000  0.000
Problem 176 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 130 133 141 0 0 265 0 0 -1
normalized size | 1 1.02 1.08 0.00 0.00 2.04 0.00 0.00 -0.01
time (sec) N/A 0.214 0.337 0.464 0.000  0.680 0.000 0.000 0.000
Problem 177} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 29 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.091 0.411 0.446 0.000 0455 0.000 0.000 0.000
Problem 178 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 29 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.104 3.487 0.456 0.000  0.747  0.000 0.000 0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The

rules column is the number of unique rules used. The integrand size column is the leaf

. . . . ber of rul
size of the integrand. Finally the ratio ~———
integrand size

harder the integral was to solve. In this test, problem number [69] had the largest ratio
of [.8571]

is given. The larger this ratio is, the
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Table 2.1: Rubi specific breakdown of results for each integral

number of | numberof | normalized
# | grade steps unique antiderivative | B e
- - et leafsige | memndleatsie

1 A 7 5 1.00 12 0.417
v A 4 3 1.00 12 0.250
3 A 6 5 1.00 12 0.417
4 A 3 3 1.00 12 0.250
5 A 5 5 1.00 12 0.417
6 A 2 2 1.00 10 0.200
7| A 5 4 1.00 8 0.500
3 A 6 6 1.00 12 0.500
9 A 2 2 1.00 12 0.167
10| A 4 4 1.00 12 0.333
1 | A 4 3 1.00 12 0.250
120 | A 5 4 1.00 12 0.333
13 | A 4 3 1.00 12 0.250
14 | A 6 4 1.00 12 0.333
15 | A 5 5 1.00 14 0.357
16 | A 8 6 1.00 14 0.429
17| A 4 4 1.00 12 0.333
18 A 7 5 1.00 10 0.500
19 | A 6 6 1.00 14 0.429
200 | A 4 3 1.00 14 0.214
21 | A 4 3 1.00 14 0.214
22 | A 5 5 1.00 14 0.357
23 | A 5 3 1.00 14 0.214
24 | A 10 10 1.00 14 0.714
25 | A 11 8 1.00 14 0.571
26 | A 7 7 1.00 12 0.583
271 | A 9 6 1.00 10 0.600
28 | A 7 7 1.00 14 0.500
29 | A 5 3 1.00 14 0.214
30 | A 6 6 1.00 14 0.429
31 | A 8 6 1.00 14 0.429
320 | A 10 6 1.00 14 0.429
33 A 0 0 0.00 0 0.000
34 A 0 0 0.00 0 0.000
35 A 0 0 0.00 0 0.000

Continued on next page
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number of number of normalized
# grade steps unique antiderivative ntegrand %
L . o leaf size integrand leaf size
36 A 4 4 1.00 14 0.286
37 A 6 6 1.00 14 0.429
38 A 9 5 1.00 14 0.357
39 A 0 0 0.00 0 0.000
40 A 0 0 0.00 0 0.000
41 A 3 3 1.00 14 0.214
42 A 0 0 0.00 0 0.000
43 A 0 0 0.00 0 0.000
44 A 11 9 1.00 16 0.562
45 A 10 9 1.00 16 0.562
46 A 9 9 1.00 14 0.643
47 A 5 4 1.00 8 0.500
48 A 4 2 1.00 16 0.125
49 A 7 7 1.00 16 0.438
50 A 8 8 1.00 16 0.500
51 A 31 16 1.00 21 0.762
52 A 24 15 1.00 19 0.790
53 A 15 11 1.00 18 0.611
54 A 0 0 0.00 0 0.000
55 A 0 0 0.00 0 0.000
56 A 22 13 1.00 18 0.722
57] A 27 17 1.00 21 0.810
58 A 20 15 1.00 21 0.714
59 A 14 13 1.00 19 0.684
60 A 9 9 1.00 18 0.500
61 A 0 0 0.00 0 0.000
62 A 0 0 0.00 0 0.000
63 A 23 15 1.00 21 0.714
64 A 16 13 1.00 21 0.619
65 A 11 11 1.00 19 0.579
66 A 6 6 1.00 18 0.333
67] A 0 0 0.00 0 0.000
68 A 0 0 0.00 0 0.000
69 A 31 18 1.00 21 0.857
70 A 25 17 1.00 21 0.810
71 A 19 14 1.00 19 0.737

Continued on next page
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number of number of normalized
# grade steps unique antiderivative ntegrand %
L . o leaf size integrand leaf size
72 A 12 11 1.00 18 0.611
73 A 0 0 0.00 0 0.000
74 A 0 0 0.00 0 0.000
75 A 19 14 1.21 18 0.778
76 A 7 7 1.00 19 0.368
77) A 6 7 1.00 19 0.368
78 A 5 5 1.00 16 0.312
79 A 4 5 1.00 19 0.263
80 A 4 5 1.00 19 0.263
81 A 5 6 1.00 19 0.316
82 A 6 6 1.00 19 0.316
83 A 5 5 1.00 19 0.263
84 A 5 5 1.00 19 0.263
85 A 6 5 1.00 17 0.294
86 A 11 11 1.00 19 0.579
87 A 13 13 1.00 19 0.684
88 A 7 8 1.00 21 0.381
89 A 6 7 1.00 18 0.389
90 A 6 7 1.00 21 0.333
91 A 6 7 1.00 21 0.333
92 A 5 6 1.00 21 0.286
93 A 6 7 1.00 21 0.333
94 A 5 6 1.00 21 0.286
95 A 6 5 1.00 19 0.263
96 A 12 13 1.00 21 0.619
97 A 14 15 1.00 21 0.714
98 A 25 12 1.00 21 0.571
99 A 26 0.96 19 0.474
100 A 19 7 1.00 18 0.389
101 A 19 7 1.00 21 0.333
102 A 24 10 1.00 21 0.476
103 A 31 14 0.97 21 0.667
104 A 29 12 0.97 21 0.571
105 A 7 6 1.00 19 0.316
106 A 24 10 1.00 21 0.476
107 A 51 15 1.00 21 0.714

Continued on next page
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number of number of normalized
# grade steps unique antiderivative integrand %
L . o leaf size | megrndleafsize
108/ | A 27 10 1.00 21 0.476
109/ A 47 11 1.00 18 0.611
110[| A 50 13 1.00 21 0.619
111 A 33 13 0.97 21 0.619
112 A 6 1.00 21 0.333
113 A 8 7 1.00 19 0.368
114{| A 28 11 1.00 21 0.524
115 A 35 11 1.00 21 0.524
116/ A 63 12 1.00 21 0.571
1171 A 81 12 1.00 18 0.667
118/ | A 12 12 1.00 23 0.522
119/ A 11 12 1.00 23 0.522
120 A 9 9 1.00 21 0.429
121 A 0 0 0.00 0 0.000
122 A 0 0 0.00 0 0.000
123 A 0 0 0.00 0 0.000
124/ A 0 0 0.00 0 0.000
125 A 0 0 0.00 0 0.000
126/ A 8 9 1.00 23 0.391
127 A 9 10 1.00 23 0.435
128/ | A 12 12 1.00 23 0.522
129 A 10 10 1.00 21 0.476
130 A 0 0 0.00 0 0.000
131 A 0 0 0.00 0 0.000
132 A 0 0 0.00 0 0.000
133 | A 0 0 0.00 0 0.000
134(| A 0 0 0.00 0 0.000
135 A 0 0 0.00 0 0.000
136/ A 9 10 1.00 23 0.435
1371 A 10 10 1.00 23 0.435
138/ | A 11 12 1.00 23 0.522
139/ A 10 12 1.00 23 0.522
140 A 8 8 1.00 21 0.381
141 A 0 0 0.00 0 0.000
142 | A 0 0 0.00 0 0.000
143 | A 0 0 0.00 0 0.000

Continued on next page
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number of number of normalized
# grade steps unique antiderivative ntegrand %
L . o leaf size integrand leaf size
144 A 0 0 0.00 0 0.000
145 A 8 9 1.00 23 0.391
146 A 8 10 1.00 23 0.435
147 A 10 11 1.00 23 0.478
148 A 9 11 1.00 23 0.478
149 A 4 4 1.00 21 0.190
150 A 0 0 0.00 0 0.000
151 A 0 0 0.00 0 0.000
152 A 0 0 0.00 0 0.000
153 A 0 0 0.00 0 0.000
154 A 3 4 1.00 20 0.200
155 A 7 9 1.00 23 0.391
156 A 10 11 1.00 23 0.478
157 A 7 8 1.00 23 0.348
158 A 5 5 1.00 21 0.238
159 A 0 0 0.00 0 0.000
160 A 0 0 0.00 0 0.000
161 A 0 0 0.00 0 0.000
162 A 0 0 0.00 0 0.000
163 A 7 8 1.00 23 0.348
164 A 5 7 1.00 20 0.350
165 A 6 7 0.97 23 0.304
166 A 6 7 0.95 23 0.304
167]| A 5 6 0.95 21 0.286
168 A 0 0 0.00 0 0.000
169 A 0 0 0.00 0 0.000
170 A 0 0 0.00 0 0.000
171 A 0 0 0.00 0 0.000
172 A 0 0 0.00 0 0.000
173 A 0 0 0.00 0 0.000
174 A 16 11 1.00 26 0.423
175 A 13 11 1.00 26 0.423
176 A 8 9 1.02 26 0.346
177 A 0 0 0.00 0 0.000
178 A 0 0 0.00 0 0.000




Chapter 3

Listing of integrals

3.1 f x© (a + besch™ (cx)) dx

Optimal. Leaf size=110

[ - 1
bx® ﬁ_'_l 5btanh1(\}@+1) 5bx2\/ﬁ+1 5bx4,/$+1

+
42c 112¢7 112¢° 168¢3

x7 (a + bcsch_l(cx))+

[Out] 1/7*x~7*(a+b*arccsch(c*xx))-5/112xb*arctanh((1+1/c~2/x72)"(1/2))/c 7+5/112%b
*x72% (1+1/c72/x72) " (1/2) /c~5-5/168*bxx~4*x (1+1/c”2/x72) " (1/2) /c~3+1/42%b*x"6
*(1+1/c”2/x72)"(1/2) /c

Rubi [A] time = 0.06, antiderivative size = 110, normalized size of antiderivative

= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {6284, 266, 51, 63, 208}

,/22+1 Sty 41 5bx,/ﬁ+1 Sbtanh " ({2 +1)

168¢3 112¢° 112¢7

integrand size

(a + besch™ (cx)

Antiderivative was successfully verified.
[In] Int[x"6%(a + b*ArcCschlc*x]),x]

[Out] (BxbxSqrt[l + 1/(c”2*x"2)]1*x72)/(112%c”5) - (5*b*Sqrt[1 + 1/(c™2*x"2)]1*x"4)
/(168xc~3) + (bxSqrt[l + 1/(c™2xx72)]*x76)/(42%c) + (x"7*(a + bxArcCsch[c*x
1))/7 - (6xbxArcTanh[Sqrt[1 + 1/(c™2xx72)]]1)/(112%c~7)

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/ ((bxc - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[bxc - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
57
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)x(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*(x_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2%x~2)], x], x] /; FreeQ[{a, b, c, d
, mr, x] && NeQ[m, -1]

Rubi steps
5
b [ ——dx
6 -1 1 7 -1 1+C21)(2
f X (a + besch (cx)) dx = ;x (a + besch (cx)) + 7
1 1
b Subst dx, x, =
1, -1 - [f"4v1+fz v xz)
= ;x (a + besch (cx)) - T4

1 1
5b) Subst dx, x, -
( )us(fx3 e xxxz)

1 .6
_b 1+@x 1 ; 1
_4—2c+§x (a+bcsch (cx))+ YR

:

1

5b) Subst
b1+ o xt byl + oy 16 ( )us(fxz =

c2x2 c2x2 1 7 -1 ¢
=- + + §x (a + besch (cx)) -

168¢3 42c

Sbyf1+ 5 2 5b,/1+$x4+b,/1+$x6+1 (
= - —x
112¢° 168¢3 42¢ 7
1 1 1
5b4/1+ 5522 Bbyl+ 552t b1+ 5520 1
= C;xz - ngz + e I (a + besch ™ (cx)
112¢ 168¢ 42c 7
Bbyfl+ 5522 5byfl+ o2t byfl+ o526
— cex _ cex + X + —X7(
112¢5 168¢3 42c 7

Mathematica [A] time = 0.14, size = 107, normalized size = 0.97

— +
112 168c¢3  42c

7 112¢7

5blog | x \/% +1
ax’ & c2x? 2x2+1 (5x Syt A%\ 1
— +b 5 + —bx’csch™ " (cx)
cex 7

Antiderivative was successfully verified.

[In] Integrate[x”6*(a + b*ArcCschlc*x]),x]

[Out] (a*x~7)/7 + b*Sqrt[(1 + c™2%xx72)/(c™2xx72)]*((5xx72)/(112%c”"5) - (5*%x74)/(1

68*c~3) + x76/(42xc)) + (b*x"7*xArcCschlc*x])/7 - (5*b*Logl[x*(1 + Sqrt[(1 +
c™2xx72) /(c™2*x72)]1)1) / (112%c~7)

11265

(5D)

7(a+ bcsch_l(cx)) + —

(50)
e —

5b ta

a+ bcsch_l(cx)) -—
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fricas [B] time = 0.80, size = 208, normalized size = 1.89

x2
48 ac’x” + 48 b log (cx\/% —cx+1) 48 b’ log (cx\/i —cx - 1) +15blog (cx\/ = —cx) +

336¢7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6*(atb*arccsch(c*x)),x, algorithm="fricas")

[Out] 1/336%(48%a*xc”7*x"7 + 48%b*xc~7*log(ckxxsqrt((c™2*xx"2 + 1)/(c™2*%x72)) - c*x
+ 1) - 48*bxc”7*xlog(cxx*sqrt((c™2*x72 + 1)/(c™2%x72)) - c*x - 1) + 15*bxlog
(c*xxxsqrt ((c™2*x72 + 1)/(c™2*%x72)) - c*x) + 48*(b*xc”7*x"7 - b*xc~7)*log((c*x
*xsqrt ((c™2xx72 + 1)/(c™2*x72)) + 1)/(c*x)) + (8*b*c™6%xx"6 - 10%b*c~4*x"4 +
15%bxc™2%x72) *sqrt ((c™2%x72 + 1)/(c™2%x72)))/c”7

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)x® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6*(atb*arccsch(c*x)),x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)*x~6, x)

maple [A] time = 0.08, size = 127, normalized size = 1.15

Ii7a 7+ arccsch(cx) Ve2x2+1 (8659(5 Ve2x2+1 -1033 Ve2x2+1 +15cx Ve2x2+1 -15 arcsinh(cx))
b

7 7 25241
C2x2

cx

C7
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~6%(atb*arccsch(c*x)),x)

[Out] 1/c7*(1/7*c”7*x"T*a+b*(1/7*xc”7*xx " 7*arccsch(c*x)+1/336*(c™2xx"2+1) " (1/2)*(8
*CTBxx "5k (cT2%x72+1) T (1/2)-10%c”3*x" 3% (c"2%x"2+1) " (1/2) +15*ckx* (c"2%x"2+1) "
(1/2)-15*arcsinh(c*x))/((c™2%x~2+1) /c~2/x~2)~(1/2) /c/x))

maxima [A] time = 0.36, size = 158, normalized size = 1.44
§
2

5
1 2 1
2 15(ﬂ 1) —40 +33 X2+1] 15 1og(,/ 22+1+1) 15 log(‘/ 25+l 1)

- +
lax7+L 96 x” arcsch (cx) + C6(C21"2 ) 366(“21]‘2 ) +3Cé( ) - )
7 672

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6*(atb*arccsch(c*x)),x, algorithm="maxima")

[Out] 1/7*a*xx”7 + 1/672x(96xx"7*arccsch(c*x) + (2x(15x(1/(c"2*x~2) + 1)7(5/2) - 4
0% (1/(c™2*%x72) + 1)7(3/2) + 33x*sqrt(1/(c™2*x72) + 1))/(c™6x(1/(c"2*x"2) + 1
)73 = 3xcT6x(1/(c72%x72) + 1)72 + 3*%c76x(1/(c72%x72) + 1) - c76) - 15xlog(s
qrt(1/(c™2%x72) + 1) + 1)/c”6 + 15*log(sqrt(1/(c™2xx"2) + 1) - 1)/c”6)/c)*b



mupad [F] time = 0.00, size = -1, normalized size = -0.01

fx6 (a + basinh (L)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~6%(a + b*asinh(1/(c*x))),x)
[Out] int(x"6%(a + b*asinh(1/(c*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x® (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**6x(at+b*acsch(c*x)),x)

[Out] Integral(x**6%(a + b*acsch(c*x)), x)

60
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3.2 f x° (a + besch™ (cx)) dx

Optimal. Leaf size=86

5 [1 [1 3 [1
1 bx ﬂ'l‘l 4bx ﬂ‘i‘l 2bx ﬁ‘i‘l
6 -1 cex cex cex
gx (a + besch (cx)) + 300 + 1505 - 1503
[Out] 1/6%*x"6x(at+b*arccsch(c*x))+4/45%xb*xx*x(1+1/c”2/x"2)"(1/2)/c"5-2/45%b*xx~ 3% (1+1
/c”2/x72)"(1/2)/c™3+1/30%b*x" 5% (1+1/c~2/x"2)~(1/2) /c

Rubi [A] time = 0.04, antiderivative size = 86, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 12,

number of rules _ ) 750 Rules used = {6284, 271,191}

integrand size

s [1 5 [1 1

1 bx ﬂ‘i‘l 2bx ﬁ-i-l 4bx ﬁ‘i‘l
6 -1 cex cex c4x
gx (a + besch (cx)) + 300 - 153 + 1505

Antiderivative was successfully verified.
[In] Int[x"5*%(a + bxArcCschl[c*x]),x]

[Out] (4xbxSqrt[1 + 1/(c”™2*x"2)]*x)/(45%c”5) - (2*%b*Sqrt[1 + 1/(c™2%x72)1*x~3)/(4
5xc~3) + (b*Sqrt[l + 1/(c”™2*x"2)]*x75)/(30%c) + (x76*(a + b*ArcCschlc*x]))/
6

Rule 191

Int[((a_) + (b_)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 271

Int[(x_)"(m_)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)*(
a + bxx™n)"(p + 1))/(a*x(m + 1)), x] - Dist[(b*(m + nx(p + 1) + 1))/(a*x(m +
1)), Intlx"(m + n)*(a + b*xx"n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + b*ArcCschlc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)]1, x]1, x] /; FreeQl[{a, b, c, d
, mr, x] && NeQ[m, -1]

Rubi steps
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b [ ——dx
5 i 1 . i 1+ﬁ
f X (a + besch (cx)) dx = gx (a + besch (cx)) + >
2
(2b) [ —dx
bwﬂ + -0 c2 5 X 1+C21xz
a + besch™ (cx)) 153
: @b) [——d
2b:/1 + = b 1+ 55 E—
3 22X N 1 6 = ( )) 2y
4503 5" (a+ besch™ (ex 45¢5
4b,/1+$x 2b,/1+ 1/
= h™
1505 45C3 a + besc (cx))

Mathematica [A] time = 0.14, size = 72, normalized size = 0.84

ax® 2x2 +1 ( 4x 2x3 x°

e +b 155 4503 300 )+ —bxbcsch™ (cx)

c2x?
Antiderivative was successfully verified.

[In] Integrate[x~5*(a + bxArcCsch[c*x]),x]

[Out] (a*xx"6)/6 + b*Sqrt[(1 + c™2%x72)/(c™2%x72)]*((4*x)/(45%c”5) - (2%x73)/(45*c
~3) + x75/(30%c)) + (b*x~6%ArcCschlc*x])/6

fricas [A] time = 2.01, size = 97, normalized size = 1.13

2x2+1

56100 | Y 27 5,6 4,5 2,3 2241
15bc°x® log| ——— | +15ac’x +(3bcx —4bcox +8bx) —
cx cex

90 ¢®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*arccsch(c*x)),x, algorithm="fricas")

[Out] 1/90%(15xb*c~5*xx"6x1log((cxx*sqrt((c™2*x72 + 1)/(c™2%x72)) + 1)/(c*xx)) + 1b%
axCcTb*x"6 + (3xb*xcT4xx"5 - 4*xbxcT2*xx"3 + 8*b*x)*sqrt((cT2*xx"2 + 1)/(cT2*%x"2
)))/c75

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)x® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*arccsch(c*x)),x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)*x~5, x)

maple [A] time = 0.05, size = 83, normalized size = 0.97

®xba b c®xParccsch(cx) + (c2x2+1)(3c4x4—4c2x2+8)
6 6 9% 25241
C2X2

cx

C6
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~5*(a+b*arccsch(c*x)),x)
[Out] 1/c”6%(1/6%c”6xx " 6*a+b*(1/6%xc”6xx 6*xarccsch(cxx)+1/90* (c™2*xx"2+1) % (3*c™4*x~
4-4xc”2xx"2+8) / ((c™2%x"2+1) /c"2/x"2)~(1/2) /c/x))

maxima [A] time = 0.31, size = 77, normalized size = 0.90

N w

1
+15x1¢@ +1 )

5
3c4x5($ + 1)2 - 10&@(# + 1)

1 1
c ax® + 5 15 x® arcsch (cx) + o5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*arccsch(c*x)),x, algorithm="maxima"

[Out] 1/6%a*x"6 + 1/90%(15%xx 6*arccsch(c*x) + (3%xc ™ 4xx"5%x(1/(c™2*x~2) + 1)°(5/2)
- 10*%c™2%xx"3%(1/(c™2*x"2) + 1)°(3/2) + 15*X*Sqrt(1/(c‘2*x’“2) + 1))/c”5)*b

time = 0.00, size = -1, normalized size = -0.01

fx5 (a + basinh (L)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(x~5%(a + bxasinh(1/(c*x))),x)

[Out] int(x"5*(a + bxasinh(1/(c*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x° (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x5%(a+b*acsch(c*x)) ,x)

[Out] Integral(x**5x(a + b¥acsch(c*x)), x)
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3.3 f x* (a + besch™ (cx)) dx

Optimal. Leaf size=86

[1 -1( [ 1 [1
+bx4 ﬁ+1+3btanh ( ﬁ"'l) 3bx2 ﬁ-i_l

20c 40c° 40c3

1
5 -1
gx (a + besch (cx))
[Out] 1/5*%x"5%(a+b*arccsch(c*x))+3/40xb*arctanh((1+1/c”2/x72)"(1/2))/c"5-3/40%b*x

2% (1+1/¢c72/x72) " (1/2) /c~3+1/20*%b*x"4x (1+1/c~2/x72) " (1/2) /c

Rubi [A] time = 0.05, antiderivative size = 86, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {6284, 266, 51, 63, 208}

- 1
bx4 [ﬁ +1 3bx2 [ﬁ +1 3b tanh 1(‘[@ +1)
- +
20c

40c3 40c°

integrand size

%x5 (a + bcsch_l(cx)) +

Antiderivative was successfully verified.
[In] Int[x"4*(a + b*ArcCschlc*x]),x]

[Out] (-3*%b*Sqrt[1 + 1/(c™2*x72)]1*x72)/(40%c~3) + (b*Sqrt[1 + 1/(c™2*xx"2)]1*x"4)/(
20*%c) + (x75%(a + b*ArcCschlc*x]))/5 + (3*bxArcTanh[Sqrt[1 + 1/(c™2*x"2)]])
/ (40%c”5)

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(dx*(
m+n + 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*x(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[bxc - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - D*(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x)"(@m_)) (p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6284

Int[((a_.) + ArcCsch[(c_.)*(x_)]1*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~"(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrtl[l + 1/(c"2*x~2)], x], x] /; FreeQ[{a, b, c, d
, m}, x] && NeQ[m, -1]



Rubi steps

bJ
1+ﬁ

5¢

f x* (a + bcsch_l(cx)) dx = %xS (a + bcsch_l(cx)) +

bSubst(f — dx,x,xl—z)
X 1+C_2

1
— 2,5 -1
= gx (a + besch (cx)) - 10¢

(3b) Subst ( f

65

1
_2

1+—

a + besch™ (cx))

=)
sifis L

40c3

ﬁ
ﬁ

40c3

1
3[7\,1 +@

40c3

Mathematica [A] time = 0.05, size = 97, normalized size = 1.13

3blog | x [yt +1
ax® 5 c2x? 2 +1 (x* 3%\ 1
— + +b — — —— | + =bx’csch " (cx)
c2x?2 \20c

5 40c® 40c3) 5

Antiderivative was successfully verified.

[In] Integrate[x~4*(a + b*ArcCschlc*x]),x]

a + besch™ (cx

a + besch™ (cx

x, /1
80c
(3b ) Subst f

(3b) Subst ( [ \—[1
(

a + besch™ (cx

3b tanh ™! (,/1 + -
0

40c°

[Out] (a*x"5)/5 + b*Sqrt[(1 + c™2%x72)/(c™2*x72)]1*((-3*x"2)/(40%c~3) + x~4/(20%c)
) + (b*x"5*%ArcCschlc*x])/5 + (3*bxLoglx*(1 + Sqrt[(1 + c™2*x72)/(c"2*x"2)])

1)/ (40%c”5)

fricas [B] time = 0.73, size = 199, normalized size = 2.31

2x2+1 2x2+1 2x2+1 |
8ac’x’ + 8bc’ log (cxwlccxz—xz —cx + 1) —8bclog (cx\/CCxZ—xz —cx - 1) -3blog (quccxz—xz - cx) +38(be

40 cd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccsch(c*x)),x, algorithm="fricas")

[Out] 1/40%(8*a*xc”5*x~5 + 8*b*c~5*xlog(c*x*sqrt((c™2*x72 + 1)/(c™2%x72)) - c*x + 1
) — 8%b*xc bxlog(ckx*sqrt ((c™2*x72 + 1)/(c™2*x72)) - c*x - 1) - 3*bxlog(ckx*
sqrt((c™2%x72 + 1)/(c™2%x72)) - cxx) + 8x(bxc”™5*x"5 - b*c™5)*log((cxx*sqrt(
(c™2*%x72 + 1)/(c™2*%x72)) + 1)/(c*x)) + (2%bxc™4*x"4 - 3*bxc~2*x"2)*sqrt((c”

2%x"2 + 1)/(c™2%x72)))/c”5

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (barcsch (cx) + a)x* dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccsch(c*x)),x, algorithm="giac")

[Out] integrate((b*arccsch(c*x) + a)*x~4, x)

time = 0.05, size = 108, normalized size = 1.26

maple [A]
V22 33/02:241 — 2,2 ;
S5a b Sx5arcesch(cx) c“xe+1 (2c B3 Ve2x2+1 -3cxVe2x2+1 +3arcsmh(cx))
5 5 40 23241
22
C5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4*(atb*arccsch(c*x)),x)

[Out] 1/c”5%(1/5%c™5xx " 5%a+b*(1/5%c 5xx " 5%xarccsch(cxx)+1/40%(c™2%x"2+1) "~ (1/2)* (2%
c73%x" 3% (c72%x"2+1) " (1/2) -3*xc*kx*x (c™2%x™2+1) ~(1/2) +3*arcsinh(c*x) )/ ((c"2%x"2
+1)/c”2/x72)~(1/2) /c/x))

time = 0.37, size = 128, normalized size = 1.49

3
1 2 1
2 3(—+1) -5,/55+1 [ 1 [ 1
[ szz szz ] 3 log( @‘l’l +1) 3 10g( m‘f’l —1)

+
A

maxima [A]

1
z ax5+% 16 x° arcsch (cx) - c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccsch(c*x)),x, algorithm="maxima")

[Out] 1/5*a*xx~5 + 1/80%(16*x~5*arccsch(c*x) - (2x(3*x(1/(c™2*x72) + 1)7(3/2) - b*s
qrt(1/(c™2%x72) + 1))/(c™4*(1/(c™2xx72) + 1)72 - 2%c™4x(1/(c™2*x"2) + 1) +
c4) - 3*log(sqrt(1/(c™2*x72) + 1) + 1)/c”4 + 3*xlog(sqrt(1/(c™2%x72) + 1) -

1)/c”4)/c)*Db
time = 0.00, size = -1, normalized size = -0.01

fx4 (a + basinh (L)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(x~4*(a + bxasinh(1/(c*x))),x)

[Out] int(x~4*(a + b*asinh(1/(c*x))), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x* (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x4*(a+b*acsch(c*x)),x)

[Out] Integral (x**4*(a + b*acsch(c*x)), x)
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3.4 f x> (a + besch™ (cx)) dx

Optimal. Leaf size=62
3 [1 [1
1 bx -3 T 1 bx -3 T 1
4 -1 c4x c2x
Zx (a + becsch (cx)) + Toc - s

[Out] 1/4*x"4x(atb*arccsch(c*x))-1/6*bxxx(1+1/c”2/x"2)"(1/2)/c”~3+1/12%b*x"3%(1+1/
c~2/x72)"(1/2) /c

Rubi [A] time = 0.03, antiderivative size = 62, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ) 750 Rules used = {6284, 271,191}

integrand size

3 1
1 bx -3 T 1 bx oW
4 -1 cex c4x
Zx (a + besch (cx)) + T5c - s

Antiderivative was successfully verified.
[In] Int[x"3*(a + b*ArcCschl[c*x]),x]

[Out] -(b*Sqrt[1 + 1/(c™2%x72)]1*x)/(6%c”3) + (b*Sqrt[1 + 1/(c”™2*x"2)]1*x73)/(12*c)
+ (x"4*(a + bxArcCschlc*x]))/4

Rule 191

Int[((a ) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 271

Int[(x_ )" (m_)*((a_) + (b_)*(x_)"(n_))~(p_), x_Symbol] :> Simp[(x~(m + 1)*(
a + bxx™n)"(p + 1))/(ax(m + 1)), x] - Dist[(bx(m + nx(p + 1) + 1))/(a*x(m +
1)), Int[x"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + b*ArcCschlc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m
+ 1)), Int[(d*x)"(m - 1)/Sqrtl[l + 1/(c™2*x"2)], x], x] /; FreeQ[{a, b, c, d
, my, x] && NeQ[m, -1]

Rubi steps

f x3 (a + bcsch_l(cx)) dx =
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Mathematica [A] time = 0.10, size = 62, normalized size = 1.00

ax* c2x2+1 (¥ «x 1
4 -1
T +b —szz (E - @) + be csch (C.X)

Antiderivative was successfully verified.

[In] Integrate[x~3*(a + bxArcCsch[c*x]),x]
[Out] (a*xx"4)/4 + b*Sqrt[(1 + c™2*x72)/(c™2*x"2)]1*(-1/6%x/c~3 + x73/(12xc)) + (b*
x~4xArcCschlc*xx]) /4

fricas [A] time = 3.31, size = 87, normalized size = 1.40

2,2
3.4 vacczrzl *1 3.4 2.3 c2x2+1
3bc’x*log| ——— [+ 3ac’x +(bcx —2bx) —a

cx

12¢3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x(atb*arccsch(c*x)),x, algorithm="fricas")

[Out] 1/12%(3*bxc~3*x"4*xlog((cxx*sqrt((c™2+x72 + 1)/(c™2*x72)) + 1)/(c*x)) + 3*ax
c™3*x74 + (b*xc™2xx73 - 2*bxx)*sqrt((c™2*x"2 + 1)/(c™2%x72)))/c"3

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (barcsch (cx) + a)x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsch(c*x)),x, algorithm="giac")
[Out] integrate((bxarccsch(cxx) + a)*x~3, x)

maple [A] time = 0.04, size = 74, normalized size = 1.19

ctxta b ctx*arcesch(cx) (sz2+1)(02x2—2)

4 4 23241

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(a+b*arccsch(c*x)),x)

[Out] 1/c”4x(1/4*xc”4*x " 4*a+bx(1/4*c 4*x"4d*xarccsch(c*x)+1/12%(c™2*%x™2+1) *(c™2*x"2-
2)/((c™2xx72+1) /c™2/x72)"(1/2) /c/x))

maxima [A] time = 0.32, size = 57, normalized size = 0.92

3
2.3(_1 2 1
CX(@'l‘l) -3x @4—1

b

1 1
i at + 5 3x*arcsch (cx) + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsch(c*x)),x, algorithm="maxima"
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[Out] 1/4xa*x~4 + 1/12%(3*x"4*arccsch(c*x) + (c™2*%x"3*%(1/(c™2*x"2) + 1)°(3/2) - 3
*xxsqrt (1/(c™2xx72) + 1))/c”3)*b

mupad [F] time = 0.00, size = -1, normalized size = -0.02

1
fx3 (a + basinh (—)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(a + b*asinh(1/(c*x))),x)
[Out] int(x~3*%(a + b*asinh(1/(c*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f 23 (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*acsch(c*x)),x)

[Out] Integral(x**3x(a + b¥acsch(c*x)), x)
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3.5 f x? (a + besch™ (cx)) dx

Optimal. Leaf size=62

- 1
bx? ﬁ_pl btanh1(1/@+1)

6¢ 6¢3

%xS (a + bcsch_l(cx)) +

[Out] 1/3*%x"3%(at+b*arccsch(c*x))-1/6*bxarctanh((1+1/c”2/x72)"(1/2))/c”~3+1/6%bxx"2
*(1+1/c~2/x72)"(1/2) /c

Rubi [A] time = 0.04, antiderivative size = 62, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {6284, 266, 51, 63, 208}

— 1
by /ﬁ.pl btanh 1(‘/@7”)

6¢ 6¢3

integrand size

%xE’ (a + bcsch_l(cx)) +

Antiderivative was successfully verified.
[In] Int[x"2*%(a + b*ArcCschlc*x]),x]

[Out] (b*Sqrtl[1 + 1/(c™2*xx"2)]1*x72)/(6%c) + (x"3*(a + b*ArcCschlc*x]))/3 - (bxArc
Tanh[Sqrt[1 + 1/(c™2%x72)1])/(6%c~3)

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_)) (p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6284

Int[((a_.) + ArcCschl(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*(m
+ 1)), Int[(d*x)"(m - 1)/Sqrtl[l + 1/(c"2*x"2)], x], x] /; FreeQ[{a, b, c, 4
, m}, x] && NeQ[m, -1]
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Rubi steps
b [ ———dx
1 1 1 za
f x? (a + besch™ (cx)) dx = §x3 (a + besch™ (cx)) + 3
1 1
b Subst dx, x, =
1, -1 - (fxz\lhc% v XZJ
= gx (a + besch (cx)) - oo

b Subst ( [ —=dx,x, lz]

1 _ x 1+5
S + §x3 (a + besch 1(cx)) + 12c362
1 1 1
b 1+@x2 1 X 9 bSubst(fmdx,x, 1+@)
=—+ X (a + besch (cx)) +
6¢ 3 6¢

_ 1
DL+ 252 1 btanh1(1/1+@)

— 3 -1
=— 4 gx (a + besch (cx)) - s

Mathematica [A] time = 0.05, size = 85, normalized size = 1.37

252
3 b cAx?+1 blog(x(\/% +1))

c2x2

_— + —_
3 6¢ 6¢3

+ gbe csch™ ! (cx)

Antiderivative was successfully verified.

[In] Integrate[x~2*(a + b*ArcCsch[c*x]),x]

[Out] (axx~3)/3 + (b*x"2*Sqrt[(1 + c™2*x72)/(c"2*xx~2)])/(6*c) + (b*x~3*ArcCsch[c*
x])/3 - (b*Loglx*(1 + Sqrt[(1 + c™2*x72)/(c™2*x72)])]1)/(6%c”3)

fricas [B] time = 1.58, size = 186, normalized size = 3.00

242 252 252 252
3.3 2.2 [cexe+] 3 cex=+1 3 cexe+1 cex=+
2ac’x’ + bex ‘/W +2bc’log|cxy|—5 —cx+ 1) = 2bc’log | x| —7 —cx -1 +blog|cx—

6¢c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(a+b*arccsch(c*x)),x, algorithm="fricas")

[Out] 1/6%(2*%axc™3*x"3 + b*c™2*x"2xsqrt((c™2*x"2 + 1)/(c”2*x72)) + 2xb*c”~3xlog(c*
xxsqrt ((c™2*xx72 + 1)/(c™2%x72)) - c*x + 1) - 2xbxc”3*log(cxx*sqrt((c™2*x"2
+ 1)/(c”2*%x72)) - c*x - 1) + bxlog(cxxxsqrt((c™2xx72 + 1)/(c™2*x72)) - c*x)
+ 2% (b*c™3*x"3 - b*c”3)*log((cxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) + 1)/(c*x))
)/c”3

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)x? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsch(c#*x)),x, algorithm="giac")

[Out] integrate((b*arccsch(c*x) + a)*x~2, x)
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time = 0.05, size = 88, normalized size = 1.42

maple [A]
26333 Ax3arcesch(cx) Ve2x2+1 (cx\/c2x2+1 —arcsinh(cx))
3 3 6 2x2+1
7 o

C3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(atb*arccsch(c*x)),x)
[Out] 1/c”™3%(1/3%a*xc”3*xx"3+b*(1/3*%c"3*x " 3*arccsch(cxx)+1/6%x(c™2*%x"2+1) "~ (1/2)*(c*x
*(c™2%x"2+1) " (1/2)-arcsinh(c*x) )/ ((c™2%x~2+1) /c”2/x"2)~(1/2) /c/x))

time = 0.34, size = 96, normalized size = 1.55

1 [ 1 [ 1
2 2x2+1 log( ﬂ-i-l +1) log( @+1 —1)

+
2

" C2(£+1)—C2 )

maxima [A]

N

—ax® + —|4x3arcsch (cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsch(c*x)),x, algorithm="maxima"

[Out] 1/3%a*xx~3 + 1/12*(4xx"3*arccsch(c*x) + (2*sqrt(1/(c™2*x72) + 1)/(c™2*(1/(c™
2%x72) + 1) - c72) - log(sqrt(1/(c™2%x72) + 1) + 1)/c”2 + log(sqrt(1/(c™2*x

T2) +1) - 1)/c72)/c)*Db
time = 0.00, size = -1, normalized size = -0.02

fxz (a + basinh (L)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(x"2*x(a + b*asinh(1/(c*x))),x)
[Out] int(x~2%(a + b*asinh(1/(c*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x? (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x2*(a+b*acsch(c*x)) ,x)

[Out] Integral(x**2*(a + b*acsch(c*x)), x)
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3.6 f X (cz + bcsch_l(cx)) dx
Optimal. Leaf size=38

1
@4‘1

1
2 -1
Ex (a + besch (cx)) + e

[Out] 1/2*x"2*(atb*arccsch(c*xx))+1/2xb*xxx(1+1/c”2/x72)"(1/2)/c

Rubi [A] time = 0.01, antiderivative size = 38, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 10,

oumber 0116 _ 0,200, Rules used = {6284, 191}

integrand size

c2x2

1
2 -1
Ex (a + besch (cx)) + e

Antiderivative was successfully verified.

[In] Int[x*(a + bxArcCschlc*x]),x]

[Out] (bxSqrt[1 + 1/(c”2*x72)]*x)/(2*c) + (x"2*(a + bxArcCschlc*x]))/2
Rule 191

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x1 /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)], x], x] /; FreeQl[{a, b, c, d
, m}, x] && NeQ[m, -1]

Rubi steps

f X (a + bcsch_l(cx)) dx = %xz (a + bcsch_l(cx)) +

b1+ L x 1
S = Exz (a + bcsch_l(cx))

2c

Mathematica [A] time = 0.02, size = 50, normalized size = 1.32

> by c2x2+1 1
ax N 22 _
-t Z—CCZxZ + bezcsch L)

Antiderivative was successfully verified.

[In] Integrate[xx(a + b¥ArcCschlc*x]),x]

[Out] (a*xx"2)/2 + (b*x*Sqrt[(1 + c™2*x72)/(c™2*x72)]1)/(2%c) + (b*xx"2*xArcCsch[c*x]
)/2
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fricas [B] time = 0.74, size = 70, normalized size = 1.84

ox [ 2241 +1
2x2

cx

2x2+1
+ acx? + bx| =
ceX

bex? log

2c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsch(c*x)),x, algorithm="fricas")

[Out] 1/2*(b*cxx"2*xlog((ckx*xsqrt((c™2+x72 + 1)/(c”™2%x72)) + 1)/(c*x)) + a*xc*xx™2 +
b*x*sqrt ((c™2*x"2 + 1)/(c™2*x72)))/c

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsch(c*x)),x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)*x, x)

maple [A] time = 0.04, size = 65, normalized size = 1.71

2x2q b c2x%arcesch(cx) cex+1

2 2 5 25241
—— X

C2X2

C2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(at+b*arccsch(c*x)),x)

[Out] 1/c™2%(1/2*%c™2xx"2%a+b*(1/2%xc"2xx " 2*arccsch(cxx)+1/2/((c™2%x"2+1)/c"2/x"2)"
(1/2)/c/xx(c”2%x"2+1)))

maxima [A] time = 0.38, size = 35, normalized size = 0.92
1
1 X ) +1

1
5 ax? + 5 x? arcsch (cx) +

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsch(c*x)),x, algorithm="maxima"
[Out] 1/2*a*x”2 + 1/2%(x"2*arccsch(c*x) + x*sqrt(1/(c™2*x"2) + 1)/c)*Db

mupad [B] time = 2.22, size = 39, normalized size = 1.03

2 bxzasinh(é) bx +1

ax
+
2 2 2c

c2 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a + b*asinh(1/(c*x))),x)
[Out] (a*x”2)/2 + (b*x"2%asinh(1/(c*x)))/2 + (bxx*x(1/(c™2%x"2) + 1)°(1/2))/(2*c)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*acsch(c*x)),x)

[Out] Integral(x*(a + b*acsch(c*x)), x)
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3.7 f (a + besch™ (cx)) dx

Optimal. Leaf size=30

btanh (,/ﬁ +1)

ax + + bxcsch_l(cx)
c

[Out] a*x+b*x*arccsch(c*x)+b*arctanh((1+1/c"2/x72)"(1/2))/c

Rubi [A] time = 0.02, antiderivative size = 30, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 5, number of rules used = 4, integrand size = 8, ">

= 0.500, Rules used = {6278, 266, 63, 208}

btanh ™ (w/@% +1)

ax + + bxcsch_l(cx)
c

integrand size

Antiderivative was successfully verified.

[In] Int[a + b*ArcCsch[c*x],x]

[Out] a*x + b*x*ArcCschlc*x] + (b*ArcTanh[Sqrt[1 + 1/(c™2%x"2)]])/c
Rule 63

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*xx)"(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6278
Int[ArcCsch[(c_.)*(x_)], x_Symbol] :> Simp[x*ArcCsch[c*x], x] + Dist[l/c, I

nt[1/(x*Sqrt[1 + 1/(c"2*x72)1), x], x] /; FreeQlc, x]

Rubi steps
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f (a + bcsch_l(cx)) dx=ax+b f csch_l(cx) dx
b [ ———dx

1
1+——5x
252

=ax + bxcsch_l(cx) +

b Subst ( [ —=dx,x,
s
1+ x

=ax + bxcsch_l(cx) -
2c

1 1
_ P /
= ax + bxesch™ (cx) - (bc) Subst ( f T+ 5 )
-1 1
. b tanh (‘/1 + 55 )

c

=ax + bxcsch_l(cx)

Mathematica [A] time = 0.06, size = 44, normalized size = 1.47

bx,/L +1 sinh_l(cx)
s + bxcsch™ ()

c2x2 +1

ax +

Antiderivative was successfully verified.

[In] Integrate[a + b¥ArcCsch[c*x],x]
[Out] a*x + b*x*ArcCschlc*x] + (b*Sqrt[1 + 1/(c”2*x72)]*x*ArcSinh[c*x])/Sqrt[1 +
c"2xx72]

fricas [B] time = 0.73, size = 143, normalized size = 4.77

acx+bclog(cx\/% —cx+1)—bclog(cx\/% —cx—l)—blog(cx\/% —cx)+(bcx—bc)log :

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsch(c*x),x, algorithm="fricas")

[Out] (a*xc*x + bxcxlog(ckxx*sqrt((c™2*x™2 + 1)/(c™2*x72)) - c*x + 1) - bxcxlog(c*x
*sqrt ((c72*xx72 + 1)/(c™2%x72)) - c*x - 1) - bxlog(c*x*sqrt((c™2*x"2 + 1)/(c
“2%x72)) - c*x) + (bxc*x - b*xc)*log((ckxxsqrt((c™2*xx"2 + 1)/(c™2*x72)) + 1)

/(c*xx)))/c

giac [F] time = 0.00, size = 0, normalized size = 0.00

f barcsch (cx) + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsch(c*x),x, algorithm="giac")

[Out] integrate(b*arccsch(c*x) + a, x)

time = 0.04, size = 36, normalized size = 1.20

1
bln(cx+cx,/1+ @)

c

maple [A]

ax + bx arccsch (cx) +
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(at+b*arccsch(c*x) ,x)
[Out] a*x+b*x*arccsch(c*xx)+b/cxln(ckxx+cxx*x(1+1/c”2/x72)"(1/2))

time = 0.33, size = 49, normalized size = 1.63

(2cxarcsch(cx)+log(‘/$+1 +1)—10g( ﬁ +1 —1))19

ax +
2¢

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsch(c*x),x, algorithm="maxima"
[Out] a*x + 1/2%(2xcxx*arccsch(c*x) + log(sqrt(1/(c™2*x72) + 1) + 1) - log(sqrt(l

/(c72*%x72) + 1) - 1))*b/c
time = 0.00, size = -1, normalized size = -0.03

fa + basinh (i) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(a + b*asinh(1/(c*x)),x)

[Out] int(a + b*asinh(1/(c*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + bacsch (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*acsch(c*x),x)

[Out] Integral(a + b*acsch(c*x), x)
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-1
3.8 fa+bcsch (cx) dx

X
Optimal. Leaf size=56
BUERY)
(a+ besch™ (cx))

—2csch™! -1 1 : ~2csch™
- T - log (1 —e (C")) (a + besch (cx)) + Eble (e (C"))

[Out] -1/2*(a+b*arccsch(c*x))~2/b-(at+b*arccsch(c*x))*1n(1-1/(1/c/x+(1+1/c"2/x"2)"
(1/2))72)+1/2xb*xpolylog(2,1/(1/c/x+(1+1/c”2/x72)~(1/2))"2)

Rubi [A] time = 0.09, antiderivative size = 56, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 12,

number of rules _ 5 500, Rules used = {6282, 5659, 3716, 2190, 2279, 2391}

integrand size

(a + bcsch_l(cx))2
2b

1 - _
~5bPolyLog (2, g2csch 1(”‘)) + ~log (1 — g2csch 1(”‘)) (a+ bcsch_l(cx))

Warning: Unable to verify antiderivative.

[In] Int[(a + bxArcCschlc*x])/x,x]

[Out] (a + b*ArcCschlc*x])~2/(2xb) - (a + b*ArcCsch[c*x])*Log[1l - E~(2%ArcCsch[c*
x]1)] - (b*PolyLog[2, E~(2xArcCschlcx*x])])/2

Rule 2190

Int [(CCF_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*nxLog[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*((d ) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3716

Int[((c_.) + (@_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
Dx(x_)], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*E~ (2% (-(I*e) + fxfzxx)))/(E~(2%I*k*Pi)*(1 + E~(2x(-(Ix*
e) + fxfzxx))/E~(2%Ixk*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 5659

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Tanh[x], x], x, ArcSinh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 6282
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Int[((a_.) + ArcCsch[(c_.)*x(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

.Y a+bsinh™* (2
fa + besch ~(cx) Jx = — Subst [f (C) dx, x, %)

X X

— _Subst ( f (a + bx) coth(x) dx, x, csch‘l(cx))

2
a + besch ™ (cx 2x b
= ( ( )) + 2 Subst ( f w dx, x, csch_l(cx))

2b — e
(a + bcsch_l(cx))2
= > - (a + bcsch_l(cx)) log (1 - eZCSCh_l(Cx)) + bSubst ( f log (1 - ezx)
2
a + besch™ Y cx _ 1 log(1 —
= ( () — (a + besch™ (cx)) log (1 — g2esch 1(Cx)) + =bSubst f log(1 ~ x)
2b 2
(a + bcsch_l(cx))2 1 1 1
— -1 2csch™ : 2csch™
= 5 - (a + besch (cx)) log (1 —e (Cx)) - EbLIZ (e (Cx))

Mathematica [A] time = 0.04, size = 47, normalized size = 0.84

1 i ]
alog(x) + Eb (Liz (e‘ZCSCh 1(Cx)) — csch ™ (cw) (csch_l(cx) +2log (1 _ p2csch 1(cx))))

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCschlc*x])/x,x]

[Out] ax*Logl[x] + (b*(-(ArcCsch[c*x]*(ArcCschlc*x] + 2+Log[l - E~(-2xArcCschlc*x])
1)) + PolyLog[2, E~(-2*%ArcCschlc*x])]))/2

fricas [F] time = 2.07, size = 0, normalized size = 0.00

) barcsch (cx) + a
integral ” , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x,x, algorithm="fricas")
[Out] integral((bxarccsch(cx*x) + a)/x, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f barcsch (cx) + a

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x,x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)/x, x)

maple [F] time = 0.07, size = 0, normalized size = 0.00

a + barccsch (cx)
f " dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(c*x))/x,x)
[Out] int((a+b*arccsch(c*x))/x,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

2
i f % dx —2c? f xlog() — dx — (log (222 +1) - 2 log()) log(c) + log (c2x2 4
c2x? + (czx2 - 1)E +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x,x, algorithm="maxima"

[Out] -1/2%(4xc”2*integrate(x~2*xlog(x)/(c™2*x"3 + x), x) - 2*c”2*integrate(x*log(
x)/(c72%x72 + (c™2%x72 + 1)7(3/2) + 1), x) - (log(c™2*x"2 + 1) - 2*xlog(x))*
log(c) + log(c™2%x72 + 1)*log(c) - 2%log(x)*log(sqrt(c™2*x"2 + 1) + 1) + 2%
integrate(log(x)/(c™2*%x"3 + x), x))*b + a*xlog(x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.02

a + basinh (i)
dx

f cx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x,x)
[Out] int((a + b*asinh(1/(c*x)))/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f a + bacsch (cx) p
X

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(c*x))/x,x)

[Out] Integral((a + b*acsch(c*x))/x, x)
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-1
3.9 fa+bcsch (cx) dx

xz
e [1 1 _ a+besch™ (cx)
c2x? X

[Out] (-a-b*arccsch(c*x))/x+bxc*x(1+1/c"2/x72)"(1/2)

Optimal. Leaf size=30

Rubi [A] time = 0.02, antiderivative size = 30, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number O WS — (.167, Rules used = {6284, 261}

integrand size
-1
[ 1 a + besch (cx
bc =2 +1 - ( )
cex X

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCschlc*x])/x"2,x]
[Out] b*c*Sqrt[1 + 1/(c™2xx"2)] - (a + bxArcCschlc*x])/x
Rule 261

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)]1, x], x] /; FreeQl[{a, b, c, d
, m}, x] && NeQ[m, -1]

Rubi steps

b [ ————dx

1
f a + besch ™ (cx) L besch'(ex)  yMae®

x2 X c

[ 1 ht
e 14 _a+ besch ~(cx)
c2x? X

Mathematica [A] time = 0.03, size = 40, normalized size = 1.33

a 2x2+1  besch™ ()
c2x? x

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCschlc*x])/x"2,x]
[Out] -(a/x) + b*xcxSqrt[(1 + c™2%x72)/(c™2%x72)] - (b*ArcCschlc*x])/x
fricas [B] time = 0.78, size = 64, normalized size = 2.13

cx % +1
c2x2+1 2.2

bex\| S —blog| ———— -4

cXx

X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x72,x, algorithm="fricas")
[Out] (bxc*x*sqrt((c™2*x"2 + 1)/(c™2%x72)) - b*log((c*x*sqrt((c™2*x"2 + 1)/(c™2*x
72)) + 1)/(c*x)) - a)/x

giac [F] time = 0.00, size = 0, normalized size = 0.00
barcsch (cx) + a
f 5 dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"2,x, algorithm="giac")

[Out] integrate((b*arccsch(c*x) + a)/x"2, x)

time = 0.05, size = 62, normalized size = 2.07

maple [B]
a arccsch (cx) 2x% +1
c|l-—— +b|-
cx cx 2241 5 o
S5 CX

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(c*x))/x"2,x)

[Out] c*(-a/c/x+b*x(-1/c/x*arccsch(c*x)+1/((c™2%x"2+1)/c”2/x"2)"(1/2)/c"2/x"2*%(c"2
*x"2+1)))
maxima [A] time = 0.35, size = 32, normalized size = 1.07

: L +1 - arcsch (cx) b a
c2x2 x x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"2,x, algorithm="maxima"
[Out] (c*sqrt(1/(c™2%x72) + 1) - arccsch(c*x)/x)*b - a/x

time = 2.32, size = 35, normalized size = 1.17

mupad [B]
. 1
, 1 L0 basinh (E)
C —_— _——— -
2 x? X x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x"2,x)
[Out] b*xcx(1/(c”2%x"2) + 1)°(1/2) - a/x - (b*asinh(1/(c*x)))/x

time = 1.82, size = 36, normalized size = 1.20

- bey/1 + % _ bacsch(ex) forc#0
X ceX X

a+3&b .
. otherwise

sympy [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(c*x))/x**2,x)
[Out] Piecewise((-a/x + bkxcxsqrt(l + 1/(cx*2xx*x2)) - bxacsch(c*x)/x, Ne(c, 0)),

(-(a + zooxb)/x, True))



84

-1
a+besch ~(cx
( )dx

310 |

x3

Optimal. Leaf size=50

1
a+besch M ex) benzz +1 _
— N i xz - Jbeesch L(cx)
[Out] -1/4xbxc”2*arccsch(c*xx)+1/2x(-a-b*arccsch(c*x))/x"2+1/4xb*xcx(1+1/c"2/x72) " (
1/2)/x

Rubi [A] time = 0.04, antiderivative size = 50, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {6284, 335, 321, 215}

integrand size

1
a + besch ™ (cx) . bey 7z +1

— ~bc2csch™
) i 1 c“csch “(cx)

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCschlc*x])/x"3,x]

[Out] (b*xc*Sqrt[l + 1/(c™2%x72)])/(4*x) - (b*c~™2xArcCschlc*x])/4 - (a + b*ArcCsch
[cxx])/(2%x72)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 321

Int[((c_)*(x D))" (@m )*((a_) + (b_)*(x_ )" (@ )) (p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + *x(a + bxx™n) " (p + 1))/(bx(m + n*xp + 1)), x] - Dist[
(axc™n*(m - n + 1))/(b*x(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)]1, x]1, x] /; FreeQl[{a, b, c, d
, m}y, x] && NeQ[m, -1]

Rubi steps
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b [ ———dx
a + besch™ () a + besch™ () Yz
f dx = — —
x3 2x2 2c
2
b Subst f x—z dx, x,%
_a+besch™ (ex) N 45
- 2x2 2c
beyll+ 5 a+ besch™! 1 1 1
= ™ 2 _ 4 C;iz @) _ Z(bc) Subst f - dx, x, .
1+
C
1
beyJ1+ 55 a + besch ™ (cx)

1 -
=_Yv cxr L—Lbczcsch Yex) - 52

Mathematica [A] time = 0.04, size = 66, normalized size = 1.32

b \/m 1
a N ez lbcz sinf! (l) _ besch™ (cx)
4

—— +
2x2 4x cx 2x2

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCschlc*x])/x"3,x]

[Out] -1/2%a/x"2 + (bxc*xSqrt[(1 + c™2%x72)/(c™2%x72)])/(4*x) - (b*ArcCschlc*xx])/(
2xx72) - (bxc”2%ArcSinh[1/(c*x)])/4

fricas [A] time = 0.98, size = 76, normalized size = 1.52

2x2+1
o\ zz
ceXx
2 |_2g

cX

c2x2+1
c2x2

- (bczx2 +2 b) log

4 x2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"3,x, algorithm="fricas")

[Out] 1/4*(b*xcxx*sqrt((c™2*x72 + 1)/(c™2%x72)) - (bxc™2*x"2 + 2*b)*log((c*x*sqrt(
(c™2%x72 + 1)/(c™2*%x72)) + 1)/(c*x)) - 2%a)/x"2

giac [F] time = 0.00, size = 0, normalized size = 0.00

X

barcsch (cx) + a
J==
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"3,x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)/x~3, x)

maple [B] time = 0.05, size = 100, normalized size = 2.00

1
2x? 252 _ [242
_arcesch (cx) cxt+1 (arctanh( o ) cox c2x2 + 1)
2c2x2 2252 szv2+1

33
A\ cx

2| -
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(c*x))/x~3,x)

[Out] c™2x(-1/2*%a/c”2/x"2+b*x(-1/2/c~2/x " 2*xarccsch(c*x)-1/4*%(c"2*x"2+1) " (1/2) *(arc
tanh(1/(c™2%x™2+1) " (1/2) ) *c™2%xx"2-(c™2*xx~2+1) ~(1/2)) /((c"2*x~2+1) /c~2/x"2) "
(1/2)/c~3/x73))

maxima [B] time = 0.39, size = 105, normalized size = 2.10

Zc4x‘/%+1 I 1
#—cﬂog(cx,/@ +1 +1)+c3log(cx 55 +1 —1)

1 szz(ﬁﬂ)_l 4 arcsch(cx) | a

c x? 2 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"3,x, algorithm="maxima")

[Out] 1/8%bx((2xc~4*x*sqrt(l/(c™2*x72) + 1)/(c™2xx"2%x(1/(c™2%x72) + 1) - 1) - c~3
xlog(cxx*sqrt(1/(c™2%x72) + 1) + 1) + c”3*xlog(cxx*sqrt(1/(c™2*x"2) + 1) - 1
))/c - 4xarccsch(c*x)/x72) - 1/2%a/x"2

mupad [B] time = 2.27, size = 51, normalized size = 1.02

1 . 1 2x 1
bel— +1 _basmh(a) (T+Z) 4

2 x2 _
4x X 2 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x"3,x)

[Out] (bxcx(1/(c™2*x"2) + 1)7(1/2))/(4xx) - (bxasinh(1/(c*x))*((c™2*x)/4 + 1/(2*x
)))/x - a/(2%x”2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a + bacsch (cx)
f 3 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(c*x))/x**3,x)

[Out] Integral((a + bxacsch(c*x))/x**3, x)
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-1
a+bcesch ~(cx)
311 [ ————dx
X
Optimal. Leaf size=58
a+bcsch_1(cx) 1. .01 29 5 | 1
- 30 + —=bc @ 1 - gbc @ +1

[Out] 1/9*%bxc™3*x(1+1/c”2/x"2)"(3/2)+1/3*(—a-b*arccsch(c*x))/x~3-1/3*b*xc”3*x(1+1/c”
2/x72)"(1/2)

Rubi [A] time = 0.04, antiderivative size = 58, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 12,

number oL 1W1eS _ 0,250, Rules used = {6284, 266, 43)

integrand size

a+besch H(ex) 1 1 29 1
- + b3 +1| —=bcP\|—5— +1
3x3 9 ‘ c2x2 3 “Nex

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCschlc*x])/x"4,x]

[Out] -(b*c™3*Sqrt[1 + 1/(c™2*x72)])/3 + (b*c™3*(1 + 1/(c™2*x72))7(3/2))/9 - (a +
b*ArcCsch[c*x])/(3*x73)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, 4, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQ[c, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)], x], x] /; FreeQ[{a, b, c, d
, mr, x] && NeQ[m, -1]

Rubi steps
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1
b [ ——dx
1
f a + besch™ () p a + besch™ () Yz ®
X =- —
x4 3x3 3c
b Subst = dx, x, E
_oa+ besch ™ (cx) s f NS xz)
- 3x3 6c
2
) bSubst| [|-——= + 21+ 5 dx,x,i2
_a+besch™ (cx) N 1+5 ‘ '

3x3 6¢

3/2 1
1 1 1 1 a + besch “(cx)
= —=b\[1+ —— + =b 1 + —~
3" 22 19" c2x? 3x3
Mathematica [A] time = 0.05, size = 59, normalized size = 1.02

a (e 2¢3\ [2x2+1  besch ()
3x3 9% 9 c2x? 3x3

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCschlcxx])/x"4,x]

[Out] -1/3*a/x"3 + b*((-2%c~3)/9 + c/(9%x72))*Sqrt[(1 + c™2xx72)/(c™2%xx72)] - (bx
ArcCschlc*x])/(3*x~3)

fricas [A] time = 1.00, size = 77, normalized size = 1.33

ox 25241 +1
V 22 c2x2+1
T |+ (2 be3x3 — bcx)

4
cx c2x? 3a

3blog

9x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"4,x, algorithm="fricas")

[Out] -1/9%(3%b*log((c*x*sqrt((c™2*x"2 + 1)/(c™2%x72)) + 1)/(c*x)) + (2%b*c~3*x~3
- b*c*kx)*sqrt ((c™2xx72 + 1)/(c™2*x72)) + 3*a)/x"3

giac [F] time = 0.00, size = 0, normalized size = 0.00

barcsch (cx) + a
f dx

x4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"4,x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)/x"4, x)

maple [A] time = 0.05, size = 75, normalized size = 1.29
3 N arccsch (cx) (szz + 1) (2C2x2 - 1)
Al-—— - _

3c3x3 3c3x3 2241
c2x?

ctxt

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*arccsch(c*x))/x"4,x)
[Out] c™3%(-1/3/c~3/x " 3*xa+b*x(-1/3/c~3/x " 3*arccsch(c*x)-1/9%(c™2*x"2+1) * (2%c~2%x"2
-1)/((c™2*x"2+1) /c™2/x72)~(1/2) /c™4/x74))

maxima [A] time = 0.37, size = 56, normalized size = 0.97

3

af 1 2 4 [ 1
1 C(@_”) —3zz t1 3 arcsch (cx) a

iy _
9 c x3 3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"4,x, algorithm="maxima")
[Out] 1/9%bx((c”™4*(1/(c™2*x~2) + 1)7(3/2) - 3*%c 4*sqrt(1/(c™2*x"2) + 1))/c - 3*ar
ccsch(c*x)/x"3) - 1/3%a/x"3

mupad [F] time = 0.00, size = -1, normalized size = -0.02
, 1
a + basinh (—
cXx

[— )dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x"4,x)
[Out] int((a + b*asinh(1/(c*x)))/x"4, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a + bacsch (cx)
f 1 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(c*x))/x**4,x)

[Out] Integral((a + bxacsch(c*x))/x**4, x)
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3.12 f a+besch™! (cx) dx

X2

Optimal. Leaf size=74

1
- o 32 bc csch™ (ex) + " -

[Out] 3/32*bxc”4*arccsch(c*xx)+1/4*%(-a-b*arccsch(c*x))/x"4+1/16xb*cx(1+1/c~2/x"2)"
(1/2)/x73-3/32%b*c~ 3% (1+1/c"2/x72)~(1/2) /x

Rubi [A] time = 0.05, antiderivative size = 74, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 12,

number of rules _ ).333, Rules used = {6284, 335, 321, 215}

integrand size

1
a + besch™ () 3bc3\/ 22t 1 \/ %)

44 32x 16x3

+ —bc csch (cx)

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCschlc*x])/x"5,x]

[Out] (b*c*Sqrt[l + 1/(c™2%x72)])/(16%x73) - (3*b*c~3*Sqrt[1 + 1/(c”2*x72)])/(32%
x) + (3*b*xc”4*xArcCschl[c*x])/32 - (a + bxArcCschlc*x])/(4%x"4)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[al]/Rt[b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 321

Int[((c_)*x(x D))" (m )*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> Simp[(c~(
n - D*(cxx)"(m - n + 1)*x(a + bxx™n)"(p + 1))/(b*(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(bx(m + n¥p + 1)), Int[(c*x)"(m - n)*(a + b*x"n)7p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + b*ArcCschlc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)]1, x]1, x] /; FreeQl[{a, b, c, d
, mr, x] && NeQ[m, -1]

Rubi steps
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1
b f — dx
1
f a + besch™ (cx) d a -+ besch™ (cx) VrEz
X =- -
5 4t 4c
4
b Subst f — dx, xfl
-1 2 g
a + besch™ (cx) 2
e — +
A4 4c
beJ1 + % a+ bcsch_l(cx) 1 X 1
ceX
1+3
1 1
beyl+ 2z 30C\1+ 55 g+ besch™ (o) + = (3bc) Subst f 1
_ B _ — ubs
1633 32x 4xt 32 1+%
Ttz
1 1
~ beyf1 + 5 3bc®4[1 + ] a + besch ™ (cx)

3 4 N}
- + 3—2bc csch “(cx) -

16x3 32x 4x4

Mathematica [A] time = 0.04, size = 78, normalized size = 1.05

a 3 1 ¢ 33\ [2x2+1 besch ™ (cw)
2 Zpetsinh [ = | b - 2 )4/ -
ot 3 (cx) (163(3 32x) c2x? 4x*

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCschlc*x])/x"5,x]

[Out] -1/4%a/x"4 + bx(c/(16%x73) - (3%c™3)/(32%x))*Sqrt[(1 + c™2*x72)/(c"2%x"2)]
- (b*ArcCsch[c*x])/(4*x~4) + (3*b*xc”4*ArcSinh[1/(c*x)])/32

fricas [A] time = 1.02, size = 89, normalized size = 1.20
2x241
cx

(3bc4x4 - Sb) lo iﬂ - (3bc3x3 - 2bcx)w/@ -8a
g cx c2x2

32 x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x75,x, algorithm="fricas")

[Out] 1/32%((3xb*c”4*x"4 - 8*b)*log((cxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) + 1)/(c*x)
) = (3xb*c”™3%x73 - 2%b*c*x)*sqrt((c™2*x"2 + 1)/(c™2*x72)) - 8*a)/x"4

giac [F] time = 0.00, size = 0, normalized size = 0.00

X

barcsch (cx) + a
J7
X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arccsch(c*x))/x"5,x, algorithm="giac")

[Out] integrate((b*arccsch(c*x) + a)/x"5, x)

maple [A] time = 0.05, size = 120, normalized size = 1.62

22 L
4 arcesch (cx) cex +1 (Sarctanh(m)

4ty 4cix4 2241
32\ =7

At —3c22Ve2x2 +1 +2Ve2x? +1 )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(c*x))/x~5,x)

[Out] c”4*x(-1/4*a/c”4/x"4+b*x(-1/4/c”4/x"4d*xarccsch(c*x)+1/32*(c™2*%x"2+1) " (1/2) * (3%
arctanh(1/(c™2%x"2+1) " (1/2) ) *c™4*x"4-3*c™2xx 2% (c"2*x"2+1) " (1/2)+2*% (c™2*x"2
+1)7(1/2))/ ((c™2*x72+1) /c"2/x72)~(1/2) /c~5/x75))

maxima [B] time = 0.33, size = 147, normalized size = 1.99

3
2[3c8x3( 212+1)2—5c6x‘ /%H]
1 1 =X =X
3¢ log (cxwlﬁ +1 +1) —3c5log(cxw/@ +1 —1) -
C4x4(

64 c x4

2
1 1
ﬁ”) -2 szz(ﬁ“)“ 16 arcsch (cx)

ceX

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x75,x, algorithm="maxima"

[Out] 1/64xb*x((3*c”5*log(c*x*sqrt(1/(c™2%x72) + 1) + 1) - 3*c b*log(c*x*sqrt(1/(c
T2%x72) + 1) - 1) - 2%(3%cT8*x73*(1/(c72%xx72) + 1)7(3/2) - 5Bxc 6*xx*sqrt(1/(
cT2*xx72) + 1))/(c”4*x74x(1/(c™2%x72) + 1)72 - 2xc™2xx7 2% (1/(c™2*x"2) + 1) +
1))/c - 16*xarccsch(c*x)/x"4) - 1/4*a/x"4

mupad [F] time = 0.00, size = -1, normalized size = -0.01

a + basinh (i)

f = 7 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x"5,x)
[Out] int((a + b*asinh(1/(c*x)))/x"5, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a + bacsch (cx)
f = dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(c*x))/x**5,x)

[Out] Integral((a + bxacsch(c*x))/x**5, x)
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-1
a+besch ~(cx
() dx

313 |

X0

Optimal. Leaf size=79

a+ bcsch_l(cx) 1 1 2 1 2 1
- + —bP|— +1| —-=bP|— +1 +—b5w/—+1
5x5 25 ¢ c2x2 15 ¢ c2x? 5 ¢ c2x?

[Out] -2/15%bxc”b*x(1+1/c”2/x72)~(3/2)+1/25%b*xc" 5% (1+1/c"2/x"2) " (5/2)+1/5%(-a-b*ar
ccsch(c*x)) /x75+1/5xb*xc”bx(1+1/c~2/x72)~(1/2)

Rubi [A] time = 0.05, antiderivative size = 79, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 12,

number oL 1W1eS _ 0,250, Rules used = {6284, 266, 43)

integrand size

a+besch ey 1. (1 NP o2 1 NP1 [
- 5x5 +£bc @4‘1 —Ebc C27+1 +gbC C27+1

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCschlc*x])/x"6,x]

[Out] (b*xc™B*xSqrt[l + 1/(c™2*x72)])/5 - (2*%bxc™5x(1 + 1/(c™2%x72))~(3/2))/15 + (b
*c7bx(1 + 1/(c™2%x72))"(5/2))/25 - (a + bxArcCschlc*x])/(5%x75)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, 4, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQ[c, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~(m + 1)*(a + bxArcCschlc*x]))/(d*x(m + 1)), x] + Dist[(b*d)/(c*x(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1 + 1/(c"2*x~2)], x], x] /; FreeQ[{a, b, c, d
, m}, x] && NeQ[m, -1]

Rubi steps
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b [ ———dx
f a + besch™ () J a + besch™ () Va2 #
x=- -
x© 5x° 5¢
2

. b Subst f 2 — dx, x, lz)
_a+besch™ (cx) N 1+5 g
B 5x° 10c

4 3/2

. bSubst f[ —— -2t 1+ 5 +c4(1+£2)/de,x,i2J

_a+besch™ () . 1+5 ‘ g §

5x5 10c

32 5/2 -1
1 1 2 1 1 1 a + bcsch ~(cx)
= b1+ 5= - =b®[1+ 5= | +=bc®[1+ -
5" 22 15 c2x? 25" c2x? 5x°
Mathematica [A] time = 0.06, size = 69, normalized size = 0.87

“ L, 8c® 4¢3 LC [2x2 +1  besch™ (cx)
5x° 75 75x%  25x* c2x? 5x°

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCschlcxx])/x"6,x]

[Out] -1/5%a/x75 + b*x((8%c™5)/75 + c/(25%x~4) - (4*c~3)/(75%x72))*Sqrt[(1 + c™2*x
~2)/(c”2*x72)] - (b*ArcCschlc*x])/(5*x75)

fricas [A] time = 0.48, size = 87, normalized size = 1.10

C2X2
o \ czx;rl +1 5.5 3.3 2x2+1
15blog| —— —(8bcx —4bcox +3bcx) —7 +15a

cx

75 x°
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"6,x, algorithm="fricas")

[Out] -1/75%(15%bxlog((cxx*sqrt((c™2*x™2 + 1)/(c™2%x72)) + 1)/(c*x)) - (8*bxc™b*x
"5 - 4xbxcT3*x"3 + 3xbkckx)*sqrt((c2*x72 + 1)/(c”2%x72)) + 15%a)/x"5

giac [F] time = 0.00, size = 0, normalized size = 0.00

barcsch (cx) + a
f dx

x6
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"6,x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)/x"6, x)

maple [A] time = 0.05, size = 83, normalized size = 1.05

2,2 4,4 _4.2,2
5 a arccsch (cx) (C x°+ 1) (86 x* —4cx + 3)
| -—== +b|-
5¢5x5 5¢5x5 75 [Z2 6.6
5 X

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*arccsch(c*x))/x"6,x)
[Out] c~5%(-1/5%a/c”~5/x"5+bx(-1/5/c"5/x 5*%arccsch(cxx)+1/75% (c™2%x"2+1) *(8*c ™ 4*x~
4-4xc™2%x72+43) / ((c™2*x"2+1) /c~2/x72) " (1/2) /c"6/x76))

maxima [A] time = 0.31, size = 73, normalized size = 0.92

5 3

6 1 2 6 _1 2 6 |1
1 b Sc (@4_1) —10c (ﬁ_'_l) +15¢ @_"1 15 arcsch (cx) a
75 c x5 5 x5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x76,x, algorithm="maxima")

[Out] 1/75%bx((3*%c”™6*(1/(c™2*xx72) + 1)7(5/2) - 10*xc™6%(1/(c™2*x"2) + 1)7(3/2) + 1
5xc~6*sqrt(1/(c™2*x72) + 1))/c - 1b*arccsch(c*x)/x75) - 1/6%a/x"5

mupad [F] time = 0.00, size = -1, normalized size = -0.01

a + basinh (i

f pv: dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x"6,x)
[Out] int((a + b*asinh(1/(c*x)))/x"6, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a + bacsch (cx)
f c dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(c*x))/x**6,x)

[Out] Integral((a + bxacsch(c*x))/x**6, x)
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-1
a+besch ~(cx
( )dx

3.14 f

x/

Optimal. Leaf size=98

1
a+ besch ™ (cx) ) ibc%sch_l(cx) . bc T2 t1 5bc® 53 +1 ) 5bc? Sz +1
6x6 96

[Out] -5/96%bxc”6*arccsch(c*x)+1/6%(-a-b*arccsch(c*x))/x~6+1/36%bxc*(1+1/c"2/x"2)
~(1/2)/x°5-5/144%xb*c" 3% (1+1/c"2/x"2) " (1/2) /x~3+5/96*b*xc"5x (1+1/c"2/x"2) "~ (1/
2)/x

Rubi [A] time = 0.06, antiderivative size = 98, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {6284, 335, 321, 215}

integrand size

1 1 1
a4+ bCSCh_l(CX) 5bC51,W +1 5bC3‘,@ +1 bCﬂ@ +1 . 1
- " + 96x - + — —bc®csch " (cx)

5
144x3 36x° 96

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCschlc*x])/x~7,x]

[Out] (bxc*Sqrt[1l + 1/(c™2%x72)]1)/(36%x75) - (Bxb*c™3*Sqrt[1 + 1/(c™2*x"2)]) /(144
*x73) + (Bxb*c”5xSqrt[1 + 1/(c™2%x72)])/(96%*x) - (5xb*xc~6xArcCschlcx*x])/96
- (a + b*ArcCschlc*x])/(6%x~6)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && PosQ[b]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(

n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 335

Int[(x_ )" (m_.)*((a_) + (b_)*(x )" (m_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6284

Int[((a_.) + ArcCschl[(c_.)*(x_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((d*x)~"(m + 1)*(a + bxArcCschlc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(cx(m
+ 1)), Int[(d*x)"(m - 1)/Sqrt[1l + 1/(c"2*x"2)], x], x] /; FreeQ[{a, b, c, d
, m}, x] && NeQ[m, -1]

Rubi steps



97

1
bf—lsdx
f a + besch™ () LS besch ™! (cx) Vi aze?
7 = 6x° 6c
6
b Subst fx—de,xfi
a+ bcsch_l(cx) 1+j—2
- 6x6 i 6c
1
ben/l + 5 + besch™? 1 4 1
- a2 _atbesch (@) 1 500 bt f ~ oy, -
36x° 6x6 36 ¥ x
1+ c_2
1 3 1 _
_beVlt e NIt ae adbesch (o) 35 (50c%) subst| [ —
36x° 144x3 6x0 48 x2
1+ C_2
1 1 1
_ be1+ 5 ) Bb\1+ 55 . Bb 1+ 55 La+ besch™ (cx) 1 (5bc5) Sub
3615 1443 96x 6x° 96
1 3 1 5 1 -
~ bef1 + z7 5bc3 /1 + ) N 5bc \/1 t2a _ ibc6csch_1(cx) _ a + besch 1((
36x° 1443 96x 96 6x5

Mathematica [A] time = 0.07, size = 88, normalized size = 0.90
_a ibc6 st 1 b 5¢° ~ 5¢3 LC [c2x2 +1 ~ besch ™! (cx)
6x° 96 cx 96x 144x3  36x° c2x2 6x°

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCschlc*x])/x77,x]

[Out] -1/6%a/x"6 + b*x(c/(36%x75) - (5%xc~3)/(144%x73) + (5xc~5)/(96*x))*Sqrt[(1 +
c”2*xx72) /(c”2*xx72)] - (bxArcCschlc*x])/(6*x"6) - (5xbxc”™6*ArcSinh[1/(c*x)])

/96

fricas [A] time = 1.12, size = 99, normalized size = 1.01

C2X2
va szzl +1 5.5 3.3 23241
_— —(15bcx —10bc°x +8bcx) W+48g

cXx

3 (5 bcbx® +16 b) log

288 x®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x"7,x, algorithm="fricas")

[Out] -1/288*(3*(5xbxc~6*x"6 + 16%b)*log((cxx*xsqrt((c™2*xx"2 + 1)/(c™2%x72)) + 1)/
(c*x)) - (15%b*c™Bb*x"5 - 10%b*c”™3%x”3 + 8*bxc*x)*sqrt((c™2*x"2 + 1)/(c™2*x™

2)) + 48%a)/x"6

giac [F] time = 0.00, size = 0, normalized size = 0.00

X

barcsch (cx) + a
S
X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arccsch(c*x))/x"7,x, algorithm="giac")

[Out] integrate((b*arccsch(c*x) + a)/x"7, x)

maple [A] time = 0.06, size = 139, normalized size = 1.42
232 1 6,6 _ 1544/ 2,2 2,2:[2,2 _
. a N arcesch (cx) cex- +1 (15arctanh( o )c x° =15c¢*x*Veexr +1 +10c“x“Verxs + 1
c® |- - _
Ox6 66 22
o o 288\ Sy 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(c*x))/x"7,x)

[Out] c~6x(-1/6%a/c”6/x"6+bx(-1/6/c”6/x 6*xarccsch(c*xx)-1/288*(c™2xx"2+1) " (1/2)*(1
5xarctanh(1/(c™2*x"2+1) " (1/2) ) *c™6*x"6-15%c 4xx" 4% (c™2*%x"2+1) "~ (1/2)+10%c~ 2%
x"2%(cT2%x72+1) " (1/2)-8*% (c™2%xx"2+1) " (1/2)) / ((c™2*x~2+1) /c~2/x"2)~(1/2) /c”T7/

x77))

maxima [B] time = 0.31, size = 185, normalized size = 1.89

NG

12.5(_1 10,3( _1 8 1
- - 2[15C X (ﬁ'l’l) —40 c*Vx (ﬂ'l’l) +33c°x ﬁ
150710g(cx,/@ +1 +1)—15c7log(cx,/@ +1 —1)— - >
1 1 1
1 ) c6x6(—czx2 +1) —3c4x4=(62x2 +1) +3C2xz(c23(2+1)_1
576 c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))/x77,x, algorithm="maxima")

[Out] -1/576%bx((15*%c~7*log(c*kx*xsqrt(1/(c™2*x72) + 1) + 1) - 1b5*xc”~7*log(c*x*sqrt(
1/(c™2%x72) + 1) - 1) - 2x(15xc™12*xx756*(1/(c™2*x"2) + 1)7(5/2) - 40*c™10*x"
3x(1/(c™2*x72) + 1)7(3/2) + 33*c™8xx*sqrt(1/(c™2*x72) + 1))/(c™6*x"6%(1/(c”
2%x72) + 1)73 - 3xcT4*xT4x(1/(cT2%x72) + 1)72 + 3*cT2xx72x(1/(c72%xx72) + 1)

- 1))/c + 96*xarccsch(c*x)/x"6) - 1/6%a/x"6

mupad [F] time = 0.00, size = -1, normalized size = -0.01

a + basinh (i

f 7 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))/x"7,x)
[Out] int((a + b*asinh(1/(c*x)))/x"7, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a + bacsch (cx)
f > dx

X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*acsch(cxx))/x**7,x)

[Out] Integral((a + b*acsch(c*x))/x**7, x)
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3.15 f x> (a + besch™ (cx))2 dx

Optimal. Leaf size=105

b3y o +1 (a + bcsch_l(cx)) bl +1 (a + bCSCh_l(Cx)) 1 1
c2x _ cx +oxt (a + besch™ (Cx))
6c 3¢ 4

2 b*log(x) A b2x?
3ct 12¢2

[Out] 1/12%b"2%x"2/c”2+1/4*xx 4% (a+b*arccsch(c*x))"2-1/3*xb"2x1n(x)/c”4-1/3*b*xx* (a+
bxarccsch(c*x))*(1+1/c”2/x72)~(1/2) /c~3+1/6xb*x"3* (atb*xarccsch(c*xx))*(1+1/c
~2/x72)°(1/2)/c

Rubi [A] time = 0.12, antiderivative size = 105, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 14,

number of rules _ ),357, Rules used = {6286, 5452, 4185, 4184, 3475)

integrand size

1 - 1 -
b3 o +1 (a + besch 1(cx)) bxy 55 +1 (a + besch 1(cx)) 1 2 b*x? b?log(x)

4 -1
> - s +Zx (a+bcsch (cx)) + o2 a3

Antiderivative was successfully verified.
[In] Int[x"3*(a + b*ArcCschlc*x])"2,x]

[Out] (b"2%x72)/(12%c”2) - (b*Sqrtl[1l + 1/(c”2*x"2)]*x*(a + b*ArcCschlc*x]))/(3*c”
3) + (b*Sqrt[1l + 1/(c”2*x72)]1*x"3*(a + bxArcCschlc*x]))/(6*c) + (x"4*(a + b
*ArcCschlcxx])"2)/4 - (b~2+Loglx])/(3*c™4)

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
xx], x11/d, x] /; FreeQ[{c, d}, x]

Rule 4184

Int[cscl(e_.) + (£_)*(x )17 2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4185

Int[(cscl(e_.) + (£_D)*x)I*Mm_.))"( )*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2%(c + d*x)*Cot[e + f*x]*(b*Cscle + f*x])~(n - 2))/(fx(n - 1)), x
] + (Dist[(®™2%(n - 2))/(m - 1), Int[(c + d*x)*(b*Cscle + f*x])"(n - 2), x]
, x] - Simp[(b~2*xd*(b*Cscle + f*x])~(n - 2))/(f™2x(n - D)*x(n - 2)), x]) /;

FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 5452

Int[Coth[(a_.) + (b_.)*(x_)]"(p_.)*Cschl(a_.) + (b_)*x(x_)]"(n_.)*((c_.) +

(d_)*(x_))"(m_.), x_Symbol] :> -Simp[((c + d*x) m*Cschl[a + b*x] n)/(b*n),

x] + Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cschl[a + b*x]"n, x], x] /; Fre
eQ[{a, b, ¢, d, n}, x] && EqQlp, 1] && GtQ[m, O]

Rule 6286

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))"(n_)*(x_ )~ (m_.), x_Symbol] :> -Dist
[(c"(m + 1))°(-1), Subst[Int[(a + b*x) " n*Csch[x]~(m + 1)*Coth[x], x], x, Ar
cCschlc*x]], x] /; FreeQ[{a, b, c}, x] & IntegerQ[n] && IntegerQ[m] && (Gt
Qln, 0] || LtQ[m, -11)
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Rubi steps

Subst ( [ (a + bx)? coth(x)esch*(x) dx, x, csch™ (cx))
_ )
b Subst ( f (a+ bx)csch4(x) dx, x, csch_l(cx))

2ct

f x> (a + bc:sch_l(cx))2 dx =

= ix‘* (u + bcsc:h_l(cx))2 -

1 3 -1
2y2  byl+ T (a + becsch (cx)) 1, 4 2 bSubst ( f (a
= 150 + ” + Zx (a + becsch (cx)) +
22 byl+ % x (a + bcsch_l(cx)) by/1+ % x3 (a + bcsch_l(cx)) 1
_ _ cex + cx 4 _x4 ‘
12¢2 3¢3 6¢ 4
22 Dyfl+ o5 x (a+besch™'(cx))  byf1+ P (a+besch™(ex)) 1
_ _ c4x n céx " _x4 ‘
12¢2 3c3 6¢c 4

Mathematica [A] time = 0.21, size = 122, normalized size = 1.16

cx (3a2c3x3 +2aby| 5 +1 (2 -2) + bzcx) + 2bcxesch ™ (cx) (3ac3x3 + by +1 (czx2 - 2)) + 3b2ctxtesc
ceX ceX

12c%

Antiderivative was successfully verified.

[In] Integrate[x~3*(a + b*ArcCsch[c*x])~2,x]

[Out] (cxx*x(b™2%c*x + 3*a”2%c”3*%x~3 + 2*a*xbxSqrt[l + 1/(c™2*x72)]*(-2 + c™2*x72))
+ 2xbxcxx* (3*xa*xc™3*x"3 + b*Sqrt[1 + 1/(c™2xx72)]1*(-2 + c~2*x~2))*ArcCschlc
xx] + 3%b~2%c"4*x"4*ArcCschlc*x] "2 - 4*xb~2*Log[x])/(12xc~4)

fricas [B] time = 1.34, size = 272, normalized size = 2.59

2
x4/ —Czczizl +1 22241 c2x2+1
3ctxtlog| —————| +3a%c*x* +6abctlog|cxy/—5 —cx +1|-6abctlog|cx—5 —cx—1)+ b

cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsch(c*x))~2,x, algorithm="fricas")

[Out] 1/12%(3*b~2%c”4*x"4*log((ckx*sqrt((c™2*x™2 + 1)/(c™2*x72)) + 1)/(c*x))"2 +
3%a"2xc"4*x"4 + 6*xaxbkxc”4xlog(ckx*sqrt((c™2%x72 + 1)/(c™2*%x72)) - c*x + 1)

- 6xa*xbxc”4*xlog(cxx*sqrt((c™2%x72 + 1)/(c7™2%x72)) - cxx — 1) + b72%c™2*%x"2

- 4xb"2xlog(x) + 2% (3*kaxb*c™4*x"4 - 3*xaxbkxc”4 + (b72*c™3%x”3 - 2*b~2%c*Xx)*s
qrt((c™2*x72 + 1)/(c™2*x72)) ) *Llog((c*xx*sqrt ((c™2*xx"2 + 1)/(c™2*x"2)) + 1)/(
c*x)) + 2x(axbk*c™3*x73 - 2xaxbkxckx)*sqrt((c™2*x72 + 1)/(c™2%x72)))/c"4

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)2x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x(atb*arccsch(c*x))~2,x, algorithm="giac")

[Out] integrate((b*arccsch(c*xx) + a)~2*x~3, x)
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maple [F] time = 0.05, size = 0, normalized size = 0.00

f 23 (a + barcesch (cx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(a+b*arccsch(c*x))”~2,x)
[Out] int(x~3*(a+b*arccsch(c*x))~2,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsch(c*x))~2,x, algorithm="maxima")

[Out] 1/4*a”2xx"4 + 1/6%(3*x"4xarccsch(cxx) + (c™2xx73%(1/(c™2%x72) + 1)7(3/2) -
3xx*xsqrt(1/(c™2*x"2) + 1))/c”3)*axb + 1/288*(72xx"4*xlog(sqrt(c™2*x"2 + 1) +
1)72 + 1152xc”2*integrate(1/2*xx"5xlog(x)/(sqrt(c™2+x72 + 1)*c™2%x"2 + c™2%
X72 + sqrt(c™2*x72 + 1) + 1), x)*log(c) - 1152*%c™2*integrate(1/2*x"5xlog(sq
rt(c™2%xx72 + 1) + 1)/(sqrt(c™2*x72 + 1)*c™2*%x™2 + c™2%x72 + sqrt(c™2*x"2 +
1) + 1), x)*log(c) + 576*xc™2xintegrate(1/2*sqrt(c™2*x”2 + 1)*x"5*xlog(x)~2/(
sqrt(c™2*x72 + 1)*c™2*%x"2 + c72*%x"2 + sqrt(cT2*x”2 + 1) + 1), x) - 1152%c”2
xintegrate(1/2*sqrt(c™2*x"2 + 1)*x"b*log(x)*log(sqrt(c™2*x"2 + 1) + 1)/(sqr
t(CcT2*%x72 + 1)*cT2xx72 + c72%x72 + sqrt(cT2*x72 + 1) + 1), x) + 576%c”2*int
egrate(1/2xx"5xlog(x) "2/ (sqrt(c™2*x72 + 1)*c™2%x72 + c72%x72 + sqrt(c™2*x"2
+ 1) + 1), x) - 1152%c™2xintegrate(1/2*x"5*xlog(x)*log(sqrt(c™2*x"2 + 1) +
1)/(sqrt(c™2%x72 + 1)*c™2%x72 + c¢™2%x72 + sqrt(c™2*x"2 + 1) + 1), x) + 1152
xintegrate (1/2*x"3*%log(x)/(sqrt(c™2*x"2 + 1)*c™2*%x™2 + c72*x"2 + sqrt(c™2*x
"2 + 1) + 1), x)*log(c) - 1162*integrate(1/2*x"3*log(sqrt(c™2*x™2 + 1) + 1)
/(sqrt(c™2%x72 + 1)*c™2%x72 + c¢72%x72 + sqrt(c™2*x”2 + 1) + 1), x)*log(c) -
24% (6*c™2%x72 - 3*x(c72*x72 + 1)72 + 4x(c72*x72 + 1)7(3/2) - 12*sqrt(c”2*x”
2 + 1) + 6)*xlog(c)~2/c™4 - 48%(3*c™2%x72 - 2x(c™2%x”2 + 1)7(3/2) + 6*sqrt(c
T2%x72 + 1) - 3xlog(c”2*x”2 + 1) + 3)xlog(c)~2/c™4 + 144x(c™2%x"2 - 2xsqrt(
cT2*%x72 + 1) + 1)*xlog(c)~2/c”4 + 144x(2xsqrt(c™2*x72 + 1) - log(c™2*x"2 + 1
))*log(c)™2/c™4 - 48%(6*xc™2*%x™2 - 3*(c™2*x"2 + 1)72 + 4x(c™2*x"2 + 1)7(3/2)
- 12xsqrt(c™2*x72 + 1) + 6)*xlog(c)*log(x)/c™4 + 288%(c™2%x"2 - 2*sqrt(c”2*
x72 + 1) + 1)*log(c)*log(x)/c™4 + 48%(6*%c™2*%x"2 - 3*x(c™2*%x"2 + 1)72 + 4x(c”
2%x72 + 1)7(3/2) - 12*%sqrt(c™2*xx"2 + 1) + 6)*log(c)*log(sqrt(c™2*x"2 + 1) +
1)/c™4 - 288*%(c™2*x"2 - 2*sqrt(c™2*x"2 + 1) + 1)xlog(c)*log(sqrt(c™2*xx"2 +
1) + 1)/c™4 + 4x(18%c™2%x72 - 9% (c™2%x72 + 1)72 + 16%(c™2*x"2 + 1)7(3/2) -
96*sqrt (c™2*x"2 + 1) + 66*log(sqrt(c™2*x”2 + 1) + 1) - 30*log(sqrt(c™2*xx"2
+ 1) - 1) + 18)*log(c)/c™4 + 4%(6%c™2xx"2 + 9% (c™2%xx"2 + 1)72 - 28%(c™2*x~
2 + 1)7(3/2) + 132*%sqrt(c™2*x"2 + 1) - 132*log(sqrt(c™2*x”2 + 1) + 1) + 6)*
log(c)/c™4 - 144%(c™2*x72 - 4xsqrt(c™2*x”2 + 1) + 3xlog(sqrt(c™2*x"2 + 1) +
1) - log(sqrt(c™2*x™2 + 1) - 1) + 1)*xlog(c)/c™4 + 144x(c™2xx"2 - 6*sqrt(c”
2xx72 + 1) + 6xlog(sqrt(c™2*x"2 + 1) + 1) + 1)*log(c)/c™4 + 12%(6*c™2%x"2 -
3x(c™2%x72 + 1)72 + 4x(c72#x72 + 1)7(3/2) - 12*sqrt(c”2*x"2 + 1) + 6)*log(
sqrt(c™2*x72 + 1) + 1)/c™4 + (6*%c™2*%x™2 + 9% (c™2*%x"2 + 1)72 - 28%(c™2*x"2 +
1)7(3/2) + 132xsqrt(c™2*x72 + 1) - 132xlog(sqrt(c™2*x”2 + 1) + 1) + 6)/c”4
+ b676%integrate(1/2*sqrt(c™2*x"2 + 1)*x"3%log(x)~2/(sqrt(c™2*x"2 + 1)*c™2%
X72 + c72%x72 + sqrt(cT2*x"2 + 1) + 1), x) - 1162*integrate(1/2*sqrt(c™2*x”
2 + 1)*x"3xlog(x)*log(sqrt(c™2*x"2 + 1) + 1)/(sqrt(c™2*x"2 + 1)*c™2%x"2 + ¢
T2%x72 + sqrt(cT2*x”2 + 1) + 1), x) + b76*integrate(1/2*x"3*log(x) "2/ (sqrt(
CT2%X72 + 1)*CT2xx72 + c72%xx72 + sqrt(cT2*x”2 + 1) + 1), x) - 1152xintegrat
e(1/2xx"3*log(x)*log(sqrt(c™2%x"2 + 1) + 1)/(sqrt(c™2*x™2 + 1)*c™2*x"2 + c~
2*xx72 + sqrt(c™2*xx”2 + 1) + 1), x))*b"2



mupad [F] time = 0.00, size = -1, normalized size = -0.01

e
fx3 (a + basinh (—)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(a + b*asinh(1/(c*x)))"2,x)
[Out] int(x"3*(a + bxasinh(1/(cx*x)))"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f 3 (a + bacsch (cx))* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atb*acsch(c*x))**2,x)

[Out] Integral(x**3*(a + b*acsch(c*x))**2, x)

102
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2
3.16 f x? (a + besch™ (cx)) dx
Optimal. Leaf size=122

_ 1 _
2btanh™ (eCSCh (Cx)) (a + besch 1(Cx)) bx? % +1 (a + bcsch_l(cx)) 1 ) b*Liy (
- + £l +=x° (a + besch™ (cx)) —
3¢3 3c 3

[Out] 1/3*b~2*xx/c”2+1/3*x"3*(a+b*arccsch(c*xx))~2-2/3*b* (a+b*arccsch(c*x) ) *arctanh
(1/c/x+(1+1/c”2/x72)"(1/2)) /c~3-1/3*%b"2*polylog(2,-1/c/x-(1+1/c~2/x~2)~(1/2
))/c~3+1/3%b"2xpolylog(2,1/c/x+(1+1/c”2/x72)~(1/2)) /c~3+1/3*b*xx~2* (atb*arcc
sch(c*x))*(1+1/c~2/x72)~(1/2) /c

Rubi [A] time = 0.13, antiderivative size = 122, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 6, integrand size = 14,

number of rwles _ ) 429, Rules used = {6286, 5452, 4185, 4182, 2279, 2391}

integrand size

b*PolyLog (2, —ecschlwc)) b?PolyLog (2, ecschl(cx)) be./ﬁ +1 (a +besch™ (cx)) 2b tanh ™’ (ecschl(
- 3c3 " 3¢3 " 3¢ -

Antiderivative was successfully verified.
[In] Int[x"2*(a + bxArcCschlc*x])~2,x]

[Out] (b72*x)/(3*c™2) + (b*Sqrt[l + 1/(c”2*x"2)]*x"2*%(a + b*ArcCschlc*x]))/(3*c)
+ (x73%(a + b*ArcCsch[c*x])~2)/3 - (2xb*(a + b*ArcCsch[c*x])*ArcTanh[E~ArcC
schlc*x]]1)/(3%c"3) - (b~2*PolyLogl[2, -E~ArcCsch[c*x]])/(3%c~3) + (b~2*PolyL
ogl[2, E"ArcCschlcxx]])/(3%c”3)

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + dxx))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2391

Int[Logl[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz_])*x(f_.)*(x_)]*((c_.) + (d_.)*x(x_))"(m_.), x
_Symbol] :> Simp[(-2x(c + d*x) “m*ArcTanh[E~(-(Ixe) + fxfzxx)])/(f*xfz*I), x]
+ (-Dist [(d*m)/(fxfz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + fxfz*x)
1, x], x] + Dist[(d*m)/(fxfz*I), Int[(c + d*x)"(m - 1)*xLogl[l + E~(-(I*e) +
fxfz*x)], x], x]) /; FreeQl{c, d, e, £, fz}, x] && IGtQ[m, O]

Rule 4185

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2*(c + d*x)*Cot[e + f*x]*(b*Cscle + f*x])~(n - 2))/(f*(n - 1)), x
] + (Dist[(d™2x(n - 2))/(n - 1), Int[(c + d*x)*(b*Cscle + f*x])"(n - 2), x]
, x] - Simp[(b~2*d*(b*Cscle + f*x])~(n - 2))/(f"2x(n - D)*(n - 2)), x]) /;
FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 5452

Int[Coth[(a_.) + (b_.)*(x_ )]~ (p_.)*Cschl(a_.) + (b_.)*x(x_ )] (n_.)*((c_.) +
(d_)*(x_))"(m_.), x_Symbol] :> -Simp[((c + d*x) m*Cschl[a + b*x] n)/(b*n),
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x] + Dist[(d*m)/(b*n), Int[(c + d*x)"(m - 1)*Cschl[a + b*x]"n, x], x] /; Fre
eQ[{a, b, c, d, n}, x] & EqQlp, 1] && GtQ[m, 0]

Rule 6286

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))"(n_)*(x_)~(m_.), x_Symbol] :> -Dist
[(c"(m + 1))°(-1), Subst[Int[(a + b*x) " n*Csch[x]~(m + 1)*Coth[x], x], x, Ar
cCschlc*x]], x] /; FreeQ[{a, b, c}, x] & IntegerQ[n] && IntegerQ[m] && (Gt
Q[n, 0] |l LtQ[m, -1])

Rubi steps

Subst ( [(a+ bx)? coth(x)esch®(x) dx, x, csch_l(cx))

C3

f x? (a + bcsch_l(cx))2 dx = —

(2b) Subst ( f (a+ bx)csch3(x) dx, x, csch_l(cx))

1 2
— 2,3 -1
= gx (a + besch (cx)) - 33

2y b1+ ﬁ x? (a + bcsch_l(cx))
3c2 3¢

Ry byl+ ﬁ x? (a + bcsch_l(cx))
3¢2 3¢

2y b1+ ﬁ x? (a + bcsch_l(cx))
3¢c? 3¢

2y b1+ ﬁ x? (a + bcsch_l(cx))

W=

W=

W=

=—+ +=x° (a + bcsch_l(cx))2 -

W -

3¢? 3c

Mathematica [A] time = 1.43, size = 211, normalized size = 1.73

abcx1 [ﬁ+1 sinh™ (cx) 1
a2c3x3 + 2abc3x3csch™ (cx) + abc?x w/ o + b?c3x3csch™ (cx)? + b?c?x?

Ve2x2+1

x> (a + bcsch_l(cx))2 +
x> (a + bcsch_l(cx))2 -

x3 (a + bcsch_l(cx))2 -~

bSubst ( [(a

2b (a + besch
2b (a + besch

2b (a + besch

1
w,@ﬁ'lCE

Warning: Unable to verify antiderivative.

[In] Integrate[x”2x(a + b*ArcCsch[c*x])~2,x]

[Out] (b~2%c*x + axb*xc™2*Sqrt[1 + 1/(c™2%x72)]1*x"2 + a~2*%c™3%x"3 + b~ 2xc~2*Sqrt[1

+ 1/(c™2xx72) ] *x72%xArcCsch[c*x] + 2%axb*c”™3*%x"3*ArcCschlc*x] + b 2%c™3*x"3
xArcCschlc*x] "2 - (axb*cxSqrt[l + 1/(c”™2xx72)]*x*ArcSinh[c*x])/Sqrt[1 + c~2
*xx~2] + b~2*xArcCschlc*x]*Log[1l - E~(-ArcCschlc*x])] - b~2xArcCsch[cx*x]*Logl[
1 + E"(-ArcCschlc*x])] + b~2+PolyLog[2, -E~(-ArcCschlc*x])] - b~2+PolyLog[2
, E7(-ArcCschlc*x])])/(3%c~3)

fricas [F] time = 1.37, size = 0, normalized size = 0.00
integral (b2x2 arcsch (cx)? + 2 abx? arcsch (cx) + a2x2, x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsch(c*x))~2,x, algorithm="fricas")
[Out] integral(b~2*x~2*arccsch(c*x)”™2 + 2*%a*xbkxx~2*arccsch(c*x) + a™2*x"2, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (barcsch (cx) + a)2x2 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”™2*(atb*arccsch(c*x))~2,x, algorithm="giac")
[Out] integrate((b*arccsch(c*xx) + a)~2*x"2, x)

maple [F] time = 0.05, size = 0, normalized size = 0.00

f x2 (a + barcesch (cx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*x(a+b*arccsch(c*x))”~2,x)
[Out] int(x"2*(at+b*arccsch(c*x))"2,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1 [ 1 [ 1
2 ﬂ+1 log( ﬂ+1 +1) log( C27+1 —1)

1 + 2
1 1 c2( 5 2+1)—c2 ¢
- a2x3+g 4 x3 arcsch (cx) + —=

1 2
ab+§ x3log (Vc2x2 +1 + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atb*arccsch(c*x))~2,x, algorithm="maxima")

[Out] 1/3%a”2%x"3 + 1/6%(4*x"3*arccsch(c*x) + (2xsqrt(1/(c™2*x72) + 1)/(c”2*x(1/(c
T2%x72) + 1) - ¢c72) - log(sqrt(1/(c™2*x72) + 1) + 1)/c”2 + log(sqrt(1/(c™2x%

Xx72) + 1) - 1)/c”2)/c)*a*xb + 1/3*%(x"3*log(sqrt(c™2+x"2 + 1) + 1)72 - 3xinte
grate(-1/3%(3*c™2*x"4*x1log(c) "2 + 3*x"2xlog(c)~2 + 3*(c™2*x"4 + x72)*log(x)”

2 + 6x(c™2xx"4xlog(c) + x"2xlog(c))*log(x) - 2*(3*c™2xx"4xlog(c) + 3*x"2x*lo

g(c) + 3x(c™2*x™4 + x72)*log(x) + (c™2%x74*(3xlog(c) + 1) + 3*x"2xlog(c) +
3x(c™2*%x74 + x72)*1log(x))*sqrt(c™2*xx"2 + 1))*log(sqrt(c™2*x"2 + 1) + 1) + 3
*x(c72*%x74xlog(c) "2 + x"2x1log(c) ™2 + (c™2xx74 + x72)*log(x)~2 + 2x(c™2*x"4x1

og(c) + x"2*log(c))*log(x))*sqrt(c™2*x"2 + 1))/(c”2*x"2 + (c™2*xx"2 + 1)~ (3/

2) + 1), x))*b~2

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

112
fxz (a + basinh (—)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(a + b*asinh(1/(c*x)))"2,x)
[Out] int(x"2*(a + b*asinh(1/(c*x)))"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f 22 (a + bacsch (cx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*acsch(c*x))**2,x)

[Out] Integral (x**2*(a + b*acsch(cxx))**2, x)
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3.17 f X (a + bcsch_l(cx))2 dx

Optimal. Leaf size=54

1 _
bx Tzt 1 (a + besch 1(cx)) 1

b1
+ Exz (a + bcsc:h_l(cx))2 + °8()

c2

c

[Out] 1/2*x"2x(atb*arccsch(c*x)) " 2+b " 2x1n(x)/c”2+b*x* (a+b*arccsch(c*x))*(1+1/c"2/
x~2)"(1/2)/c

Rubi [A] time = 0.08, antiderivative size = 54, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {6286, 5452, 4184, 3475}

integrand size

1 -1
bxy/5= +1 (a+bcsch “(cx)) 1 21
S ( ) + Exz (a + bcsch_l(cx))2 + °5()

c 2

Antiderivative was successfully verified.
[In] Int[x*(a + b*ArcCschlc*x])”~2,x]

[Out] (b*Sqrt[1l + 1/(c”2*x"2)]*x*(a + b*ArcCschlc*x]))/c + (x"2%(a + bxArcCschlc*
x]1)72)/2 + (b™2xLoglx])/c~2

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQ[{c, d}, xI

Rule 4184

Int[cscl(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 5452

Int[Coth[(a_.) + (b_.)*(x_)]~(p_.)*Cschl(a_.) + (b_)*x(x_ )] (n_.)*((c_.) +

(d_)*(x_))"(m_.), x_Symbol] :> -Simp[((c + d*x) m*Csch[a + b*x] n)/(b*n),

x] + Dist[(d*m)/(b*n), Int[(c + d*x)"(m - 1)*Cschl[a + b*x]"n, x], x] /; Fre
eQl{a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, 0]

Rule 6286

Int[((a_.) + ArcCschl[(c_.)*x(x_)]*(b_.))"(n_)*(x )" (m_.), x_Symbol] :> -Dist
[(c™(m + 1))~(-1), Subst[Int[(a + b*x) n*Csch[x]~(m + 1)*Coth[x], x], x, Ar
cCschlc*x]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (Gt
Qln, 0] |l LtQ[m, -11)

Rubi steps
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Subst ( [(a+ bx)? coth(x)esch?(x) dx, x, csch_l(cx))
_ >
b Subst ( f (a+ bx)cschz(x) dx, x, csch_l(cx))

c2

f X (a + bcsch_l(cx))2 dx =

= %xz (a + bcsch_l(cx))2 -~

by/1 + ﬁ X (a + bcsch_l(cx))
= +
c

1 -1
b1+ 55 x(a+besch™ (cx)) 1 K21
& ( ) 2 (a + bcsch_l(CX))z + 05(x)

c 2 c?

b?Sub h
x? (a + bcsch_l(cx))2 _ ot (f cot (xz

CA

N =

Mathematica [A] time = 0.14, size = 87, normalized size = 1.61

acx (acx +2b4/ ﬁ +1 ) + 2bcxesch ™ (cx) (acx + b4/ ﬁ +1 ) + B2c2x%csch™ (cx)? + 212 log(cx)

2c2

Antiderivative was successfully verified.

[In] Integrate[x*(a + b*ArcCsch[c*x])~2,x]

[Out] (axc*xx*(2xb*Sqrt[1 + 1/(c™2*x72)] + axcxx) + 2xbkxc*xxx(b*Sqrt[1 + 1/(c™2xx72
)] + axc*x)*ArcCschlc*x] + b7™2*xc™2xx"2%ArcCschlc*x] "2 + 2xb~2xLogl[c*x]) /(2%
c”2)

fricas [B] time = 0.78, size = 234, normalized size = 4.33

2
cx 20 +1
2,2 c2x2+1 c2x2+1
b*c*x? log| —————| +a*c®x* + 2abc’ log (cx\/ —7 —oxt 1) —2abc?log (cx\/ —z - 1) +20

2c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsch(c*x))”2,x, algorithm="fricas")

[Out] 1/2*%(b~2%c™2xx"2xlog((c*x*sqrt((c™2*%x72 + 1)/(c”™2*%x72)) + 1)/(c*x))"2 + a™2
*xCT2xx"2 + 2%axbxc”2xlog(ckx*ksqrt((c™2*x"2 + 1)/(c™2%x72)) - c*x + 1) - 2%a
xb*c”2xlog (c*xx*sqrt ((c™2*x"2 + 1)/(c™2*%x72)) - c*x - 1) + 2*axbxc*xx*xsqrt((c
T2%x72 + 1)/(c72%x72)) + 2xb72xlog(x) + 2% (axb*xcT2xx"2 + b 2xc*x*sqrt((cT2x*

x"2 + 1)/(c72*%x72)) - a*bxc”2)*log((c*x*sqrt((c™2*x"2 + 1)/(c™2*%x72)) + 1)/
(c*x)))/c™2

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)zx dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsch(c*x))”2,x, algorithm="giac")
[Out] integrate((b*arccsch(c*x) + a)~2*x, x)

maple [F] time = 0.06, size = 0, normalized size = 0.00
f x (a + barccsch (cx))2 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*(at+bx*arccsch(c*x))~2,x)

[Out] int(x*(a+b*arccsch(c*x))~2,x)

time = 0.36, size = 82, normalized size = 1.52

1 1
Xzz 1 x,/@ +1 arcsch (cx) N log(x) 2

1 1
— b?x? arcsch (cx)2+§ a?x?+| x? arcsch (cx) + ———— |ab+ >
c c c

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsch(c*x))”2,x, algorithm="maxima"

[Out] 1/2%b~2*x"2*arccsch(c*x)”2 + 1/2*%a”2*x"2 + (x"2%arccsch(c*x) + x*sqrt(1/(c”
2%x72) + 1)/c)*axb + (x*xsqrt(1/(c”2*x72) + 1)*arccsch(c*x)/c + log(x)/c™2)*

b2
time = 0.00, size = -1, normalized size = -0.02

1 2
fx(a+basinh(—)) dx
cx

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(x*(a + b*asinh(1/(c*x)))~2,x)

[Out] int(x*(a + b*asinh(1/(c*x)))"2, x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x(a + bacsch (cx))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*acsch(c*x))**2,x)

[Out] Integral(x*(a + b*acsch(c*x))**2, x)
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3.18 f (a + besch™ (cx))2 dx

Optimal. Leaf size=68

, Abtanh™ (e (a4 besch™(ex)  20PLip (-0 2620, (e e0)

h™! -
X (a + besc (cx)) + . + . .

[Out] x*(at+b*arccsch(c*x)) "2+4xb*(a+tb*xarccsch(c*x))*arctanh(1/c/x+(1+1/c~2/x72)(
1/2))/c+2xb~2*polylog(2,-1/c/x-(1+1/c"2/x72)~(1/2)) /c-2*b~2*polylog(2,1/c/x
+(1+1/c”2/x72)~(1/2)) /c

Rubi [A] time = 0.07, antiderivative size = 68, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 10,

number of rules _ ) 500, Rules used = {6280, 5452, 4182, 2279, 2391}

integrand size

2b?PolyLog (2, —ecsch‘1<fx>) 2b?PolyLog (2, ecsch‘1<cx>) , 4btanh™ (ecsch‘1<cx>) (a+ b

+x (a + bcsch_l(cx)) +

c c C

Antiderivative was successfully verified.
[In] Int[(a + bxArcCschlc*x])~2,x]

[Out] x*(a + b*ArcCschlc*x])~2 + (4xbx(a + bxArcCschl[c*x])*ArcTanh[E~ArcCsch[c*x]
1)/c + (2%b™2xPolyLog[2, -E~ArcCschlc*x]])/c - (2%b~2*PolyLog[2, E"ArcCschl[
cxx]])/c

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz_ ])*x(f_.)*(x_)]*((c_.) + (d_)*x_))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*xArcTanh[E~(-(I*e) + fxfzxx)])/(fxfz*I), x]
+ (-Dist [(d*m)/(fxfz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + fxfz*x)
1, x], x] + Dist[(d*m)/(fxfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(I*e) +
fxfz*xx)], x1, x1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, 0]

Rule 5452

Int[Coth[(a_.) + (b_.)*(x_)] " (p_.)*Cschl(a_.) + (b_)*(x_)]"(n_.)*((c_.) +

(d_)*(x_))"(m_.), x_Symbol] :> -Simp[((c + d*x) m*Csch[a + b*x] n)/(b*n),

x] + Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cschl[a + b*x]"n, x], x] /; Fre
eQ[{a, b, ¢, d, n}, x] && EqQlp, 1] && GtQ[m, O]

Rule 6280

Int[((a_.) + ArcCsch[(c_.)*x(x_)]*(b_.))"(n_), x_Symbol] :> -Dist[c~(-1), Su
bst[Int[(a + b*x) n*Csch[x]*Coth[x], x], x, ArcCschlc*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]

Rubi steps
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Subst ( f (a + bx)? coth(x)csch(x) dx, x, csch_l(cx))

a+ bcsch_l(cx) ’ dx = -
J

c

(2b) Subst ( | (a + bx)csch(x) dx, x, csch_l(cx)
=x (a + bc:sch_l(cx))2 - (f . )
_ _ -1
Lo A (a + besch 1(cx)) tanh ™! (eCSCh (”‘)) (sz) Subst ( [To;
=x (a + besch (cx)) + . +
, 4b(a-+ besch™ (c)) tanh (7€) (27) Subst [
-1
=x (a + besch (cx)) + . +
, 4b (a + besch ™ (cx)) tanh™ 1( csch (Cx)) 2b°Li, ( esch™ (@
=x (a + bcsch_l(cx)) + . + .

Mathematica [A] time = 0.24, size = 121, normalized size = 1.78

a2cx + 2abexesch™ (cx) — 2ablog (tanh( csch™ (cx))) 2b%Li, ( —esch Cx)) +2b%Li, (e‘CSCh_l(C")) + b?cxcsc

c
Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCschlc*x])~2,x]

[Out] (a™2%c*x + 2*%axb*c*x*kArcCschlc*xx] + b7 2xc*x*ArcCschlc*x]~2 - 2xb~2%ArcCschl[
cxx]*Log[1l - E~(-ArcCschlc*x])] + 2+b~2xArcCsch[c*x]*Log[1 + E~(-ArcCsch[c*

x])] - 2xaxb*Log[Tanh[ArcCschlc*x]/2]] - 2*b~2*PolyLog[2, -E~(-ArcCsch[c*x]

)] + 2¥b~2*%PolyLog[2, E~(-ArcCschlc*x])])/c

fricas [F] time = 2.26, size = 0, normalized size = 0.00

integral (b2 arcsch (cx)? + 2 abarcsch (cx) + a2, x
8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))~2,x, algorithm="fricas")
[Out] integral(b~2*arccsch(c*x)~2 + 2*axbxarccsch(cxx) + a”2, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (barcsch (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))~2,x, algorithm="giac")
[Out] integrate((bxarccsch(c*x) + a)~2, x)

maple [F] time = 0.05, size = 0, normalized size = 0.00

f (a + barccsch (cx))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(c*x))"2,x)

[Out] int((a+b*arccsch(c*x))~2,x)
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maxima [F]  time = 0.00, size = 0, normalized size = 0.00

c2x2log(c)? + (c2x? +1) log(x)? + log(c)? + 2 (c?x? log(c) + log(c)) log(x) —

2
xlog(\/czx2+1 +1) —f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(c*x))~2,x, algorithm="maxima")

[Out] (x*log(sqrt(c™2*x"2 + 1) + 1)72 - integrate(-(c”2*xx"2*log(c)~2 + (c™2*x"2 +

D*log(x)”"2 + log(c)™2 + 2x(c™2xx"2x1log(c) + log(c))*log(x) - 2*(c™2xx"2%1
og(c) + (c™2*x72 + 1)*log(x) + (c™2*x72%(log(c) + 1) + (c™2*x72 + 1)*log(x)

+ log(c))*sqrt(c™2*x"2 + 1) + log(c))*log(sqrt(c™2*x”2 + 1) + 1) + (c™2*x~
2xlog(c) ™2 + (c7™2*x72 + 1)*log(x)"2 + log(c)”™2 + 2x(c™2*x"2*log(c) + log(c)
)*log(x))*sqrt(c™2*x72 + 1))/(c™2*x"2 + (c72*x"2 + 1)7(3/2) + 1), x))*b"2 +

a"2*x + (2xc*x*xarccsch(cxx) + log(sqrt(1/(c”2*x"2) + 1) + 1) - log(sqrt(1l/
(c™2%x72) + 1) - 1))*axb/c

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f (a + basinh (Cl—x))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c*x)))"2,x)
[Out] int((a + b*asinh(1/(c*x)))"2, x)

sympy [F] time = 0.00, size =